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Abstract 
 

    The l-closure )(Gcll  of a graph G, as defined by Bondy and Chvátal, is the 
graph obtained from G by recursively joining nonadjacent vertices with degree-
sum at least l. 
 

Let 1≥k  be an integer and G be a graph of order ,8/)323max{( 2 ++> kkn  

}36312 2 +−+− kkk  with minimum degree at least k and kn  is even. We prove 
that if )(2 Gcl kn −+  is complete, then G has a k-factor. 
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1  Introduction 

 
    In this paper, we consider only finite undirected graphs without loops or multiple 
edges. Let G be a graph. We denote by )(GV  and )(GE  the set of vertices and the set 
of edges of G, respectively. We denote by )(Gδ  the minimum degree of G. For subsets 
A and B of )(GV , we let ),( BAEG  denote the set of edges joining A and B, and let 

),( BAeG  denote the cardinality of ),( BAEG . A vertex x is often identified with }{x , 
for example, we write ),( BxEG  for ( )BxEG },{ . For )(GVx∈ , we denote by )(deg xG  
the degree of x in G. For a subset M of )(GV , we denote by ][MG  the induced 
subgraph of G on M. Let 1≥k  be an integer. A k-factor of graph G is a spanning        
k-regular subgraph of G. 
 

Let G be a graph of order n and l be a nonnegative integer. Among all the graphs H 
of order n such that )()( HEGE ⊂  and lvu HH <+ )(deg)(deg  for all )(HEuv∉ , 
there is a unique smallest one. Bondy and Chvátal [1] have called this graph the           
l-closure of G. Obviously the l-closure of G can be obtained from G by recursively 
joining nonadjacent vertices with degree-sum at least l. We denote by )(Gcll  the        
l-closure of G. Concerning the relation between the existence of a k-factor and the       
l-closure of G, we will show the following theorem. 
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Theorem 1  Let 1≥k   and 1≥n   be integers such that kn   is even.  Let G be a graph 

of order ,8/)323max{( 2 ++> kkn }36312 2 +−+− kkk  such that kG ≥)(δ . 
Suppose that nkn KGcl =−+ )(2 . Then G has a k-factor. 

Theorem 1 is best possible in the sense that we cannot replace 2−+ kn  by 3−+ kn ,  
which is shown in the following example: 

 
    Let 1≥k  and 32 +≥ kn  be integers with n even. First we consider the case where 

2≥k . Let 11 ,...,, −kLLM  be graphs defined as follows:  
    ⎣ ⎦2/)( knKM −= ; for each    integer i with ii KLki ,1  ,11 =−≤≤ ,and let 0L  be a null 

graph having ( −− )(MVn  ))(1
1 i

k
i LV−
=∪  vertices. Fix )( 00 LVa ∈  and )( 11 LVa ∈  

and, for each i with ≤≤ i2  2−k , let ia  denote the central vertex of iL .  
    We define G as follows:  
    ∪= )()( MVGV ( ) ( )∪∪∪=∪ −

=
−
= )()()(  ,)( 1

1
1
0 i

k
ii

k
i LEMEGELV { ),(| MVuuv ∈  

1
0
−
=∪∈ k

iv } FLV i ∪)( , where φ=F  if k is even, and }2/)3(0|{ 122 −≤≤= + kjaaF jj  

if k is odd. Then  nkn KGcl =−+ )(3 , but G has no k-factor. Now we consider the case 
where    k = 1 and n is an even integer. Let M be a complete graph having 2/)2( −n  
vertices, and L be a null graph having 2/)2( +n  vertices. We define G as follows: 

),()()( LVMVGV ∪= )}(),(|{)()( LVvMVuuvMEGE ∈∈∪= .                            
Then also nn KGcl =− )(2 , but G has no 1-factor. 
 

2  Proof of Theorem 1 
 

    Let G be a graph. In order to prove Theorem 1, for disjoint subsets S and T of 
)(GV , we define ),( TSGδ  by  

   ∑
∈

− −−+=
Ty

SGG TShkySkTS ),())((deg:),(δ ,  

where ),( TSh  denotes the number of components C of TSG −−  such that 
( ) )2(mod   1)(, ≡+ CkCVTeG  (such components are referred to as odd components 

and the other components are referred to as even components). The following 
criterion for the existence of a k-factor is essential for our proof: 
 

Theorem A (Tutte[2])  Let 1≥k  be an integer and G be a graph. Then 
 

(1) G has a k-factor if and only if 0),( ≥TSGδ  for all disjoint subsets S and T of 
)(GV ,  and 

(2) )2(mod   0),( ≡TSGδ . 
 

Now let k, n and G be as in Theorem 1. Set ,8/)323max{( 2
0 ++= kkn  

}36312 2 +−+− kkk , thus 0nn > . By way of contradiction, suppose that G has no  
k-factor, and suppose further that, for any nonadjacent vertices u and v of G, uvG +  
has a k-factor. By Theorem A, there exist disjoint subsets S and T of )(GV  satisfying 



                                                       k-Factor and l-Closure in Graphs                                         17              

 
2),( −≤TSGδ . We choose such subsets S and T so that TS ∪  is maximal. We fix 

these disjoint subsets S and T of )(GV  throughout the rest of the proof of Theorem 1. 
And we set ),(  and  ,,,)( TShwtTsSTSGVU ===−−= . 
 
Claim 1  ∑ ∈ − −+−≤

Ty SG wstky 2)()(deg . 

 
Proof  Since 2),( −≤TSGδ , we can get this claim immediately.           � 

Claim 2  Suppose that φ≠U . Then for each 1),(, −≤∈ kTzeUz G . 
 
Proof  Let Uz∈ , and set }{zSS ∪=′ . Then we obtain ),(),( TSTS GG δδ ≤′  

1),( ++− kTzeG . By the maximality of 0),(, ≥′∪ TSTS Gδ , this together with 
2),( −≤TSGδ  implies  1),( −≤ kTzeG .                                          � 

 
Claim 3  3   Uw ≤ . 
 
Proof  If 0=w , obviously 3   Uw ≤ , then we suppose 1≥w . Let C be an odd 
component. Let )(CVz∈ , and set }{zTT ∪=′ . Then we obtain ≤′),( TSGδ  

),( TSGδ 1)(deg +−+ − kzSG . By the maximality of 0),(  , ≥′∪ TSTS Gδ , this 
together with 2),( −≤TSGδ  implies 1)(deg +≥− kzSG . Hence we obtain 

3),(1)(deg)( ≥−+≥ − TzezCV GSG  with Claim 2. Therefore for each odd component 

3  , ≥CC , and hence we get Claim 3. 

Claim 4  (i)      The number of even components of TSG −−  is at most 1.  
(ii)  If the number of even components of TSG −−  is equal to 1, then 

0=w . 
(iii) Each component of  TSG −−  is complete. 
(iv) Let C be an even component. For each Tu∈  and for each 

)(),( GEuvCVv ∈∈ .  
(v) For each  Su∈  and for each )(, GEuvVTv ∈∪∈ , and [ ]SG  is 

complete. 

Proof  For any nonadjacent vertices u and v of uvGG +,   has a k-factor, and hence 

                                                      0),( ≥+ TSuvGδ                     (1) 
by Theorem A. 
 

(i) We assume there exist two even components of TSG −−  , say 1C  and 2C . Let 
)( 1CVu∈  and )( 2CVv∈ , then )(GEuv∉  and  2),(),( −≤=+ TSTS GuvG δδ , 

which contradicts (1). 
(ii) Let 1C  be an even component of TSG −− .  We assume there exists an odd 

component of TSG −− ,  say 2C .  Let )( 1CVu∈  and )( 2CVv∈ ,  then 
)(GEuv∉ ,  and set uvGG +=′ .  Since [ ])()( 21 CVCVG ∪′  is an odd 

component of TSG −−′ , 2),(),( −≤=′ TSTS GG δδ , which contradicts (1). 
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(iii) Let C  be a component of TSG −− .  If there exist nonadjacent vertices 
)(, CVvu ∈ ,  then 2),(),( −≤=+ TSTS GuvG δδ , which contradicts (1). 

(iv) Let C  be an even component of TSG −− .  Suppose that there exist Tu∈  and 
)(CVv∈  such that  )(GEuv∉ ,  and set uvGG +=′ .  Since [ ])(CVG ′  is an odd 

component of ,TSG −−′ +=′ ksTSG ),(δ  ))((deg∑ ∈ − +−
Ty SG ky =+− )1(1 w  

2),( −≤TSGδ  which contradicts (1). 

(v)  If there exist Sv∈  and UTSu ∪∪∈  with uv ≠  such that )(GEvu∉ ,  then 
2),(),( −≤=+ TSTS GuvG δδ , which contradicts (1).                       � 

Now we define the sequence of graphs npp KGGGGG
o

== +110 ,,...,,
0

 and subsets 

ii YX ,  and iZ  of )(GV   with UZTYX iii ⊂⊂ ,,  and ),...,1,0( 0piYX ii ==∩ φ  as 
follows. 

I. φ=== 000 ZYX . 
II. If φ=U , then 01 GG = ,  and if φ≠U , then 1G  is the graph obtained from 

0G  by recursively joining nonadjacent vertices u  and v  of U  with degree-
sum at least 2−+ kn . 

III. For each  i  with 01 pi ≤≤ , let iu  and iv  be nonadjacent vertices  of  iG  
such that ),()(},{ 11 −− −∪−⊂ iiii ZUYTvu ∩},{ ii vu φ≠∪− −− ))(( 11 ii YXT  
and 2)(deg)(deg −+≥+ knvu iGiG ii

. If ),(},{ 11 −− ∪−⊂ iiii YXTvu  then 

∪= },{ iii vuX 11, −− = iii YYX  and 1−= ii ZZ ; if 1(},{ 1 =−∩ −iii ZUvu , say 

1−−∈ ii ZUv  and )( 11 −− ∪−∈ iii YXTu , then  11 ,}{ −− =∪= iiiii YYXuX  
and 1}{ −∪= iii ZvZ ; if  1},{ 1 =∩ −iii Xvu , say  1−∈ ii Xv  and −∈Tui    

)( 11 −− ∪ ii YX , then 11 }{},{}{ −− ∪=−∪= iiiiiii YvYvXuX  and 1−= ii ZZ . 

And  1+iG  is the graph obtained from iii vuG +  by recursively joining 
nonadjacent vertices u and v  with degree-sum at least 2−+ kn  such that 
one of the following holds: 

( i )  Uvu ∈, ;  
(ii) iii YXUvXu ∪∪∈∈ , ; or 

( i i i )  UTvZYu ii ∪∈∪∈ , .   
 
Claim  5  φ≠T . 
 
Proof  We assume φ=T . Since ,),(),( wksSTS GG −== φδδ  2+≥ ksw  and hence 

2≥w . Since np KG =
0

,  there exists a graph H  with ),()(),()( GEHEGVHV ⊃=  

and ][][ UGUH =  for which there exist components 21 , CC  of ][UG  and vertices 
)( 11 CVz ∈  and )( 22 CVz ∈  such that 2)(deg)(deg 21 −+≥+ knzz HH . On the other 

hand, 22)1(22  )(deg)(deg 2121 −≤−−+≤−+≤+−+≤+ nksnwsnsCCzz HH .  
Hence we get a contradiction. From this, we get  φ≠T .              � 
 
Claim  6  nKG ≠1 . Thus 10 ≥p . 
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Proof  We assume nKG =1 .  Then ][][1 TGTG =  is complete, and for each vertex 

Ty∈  and for each vertex )(, GEyzUz ∈∈ .  Hence ∑ ∈ − −−=
Ty SG snty )1()(deg , 

and 1−≤ kt  by Claim 2. On the other hand, by Claims 1 and 3,  

∑ ∈ − −−−+−=−+−≤−+−≤
Ty SG tsnstkUstkwstky 23/)()(23/)(2)()(deg .  

Therefore )1(23/)()( −−>−−−+− snttsnstk , and hence )1(23/)( −≥−−+ nttnkt   
for 1−≤ kt . By Claim 5,  1≥t , and 3/2+> kn , hence  03/43/)2( ≥−− nk , which 
contradicts  0nn > .                  � 
 
    By Claim 6, throughout the rest of the proof of Theorem 1, we let  10 ≥p .  
 
Claim 7  If 1+−≥− wkst , then 01 GG = . 
 
Proof  If  1≤U , 01 GG =  by the definition of 1G . Then we suppose 2≥U . Let 

Uvu ∈, . And suppose that u and v are nonadjacent vertices of 0G . By Claim 4(i) 
and (ii), there exist odd components 1C  and 2C  such that 1Cu∈  and 2Cv∈ . By 
Claim 2, ( ) )1(2},,{ −≤ kTvueG . Hence 

 

( )

.3                                   
23                                   

23)1(                                   

22)2()1(2                                   

22C C},,{                                   
2)(deg)(deg    )(deg)(deg

21

−+=

+−−++≤

+−+−++≤

+−−−+−≤

+−++≤

++≤+ −−

kn
sstkU

swkkU

swUk

sTvue
svuvu

G

SGSGGG

 

 
Consequently we get 01 GG = .          � 
 

Claim 8  For each integer i with 01 pi ≤≤ , one of the following three situations    
                occurs: 
 

( i )  )(, 11 −− ∪−∈ iiii YXTvu ; 

(ii) )( 11 −− ∪−∈ iii YXTu   and 1−−∈ ii ZUv ; or 
( i i i )  )( 11 −− ∪−∈ iii YXTu   and 1−∈ ii Xv .  

Note that )()()(},{ 111 −−− −∪−∪−⊂ iiiiiiii ZZYYXXvu .  

 
Proof  By the definition of iG , we can get this claim immediately.                    � 

Claim 9  For each integer i with 01 pi ≤≤ , the following hold.  
(i)   Suppose that    Claim 8 (i) holds. Then 
 

∑
−−∈

−−−− ∪−+∪−−+−+≥
1

),(22)(deg 111
ii XXu

iiiiGiiSG ZYXXeZYkstUu . 
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 (ii)  Suppose that Claim 8 (ii) or (iii) holds. Then 

 
( ).)(  ),()(                            

),(1)(deg

1111

111
1

−−−−

−∈
−−−−

∪−∪−∪−

∪−+∪−∪−++−≥∑
−

iiiiiiG

XXu
iiiiGiiiiSG

YXTZYZYe

ZYXXeYXZYkstu
ii    

 
Suppose further that 1+−≥− wkst . Then 
 
  ∑

∈
− −+−+−≥

1

),(2)(deg 1
Xu

GSG TZewkstu . 

 
Proof  First we suppose Claim 8 (i) holds. Since iiii ZYZY ∪=∪ −− 11 , 

 ( )
( )

),,(22

},,{222

},,{22)(deg)(deg

)(deg)(deg)(deg

111

11

1111

1

−−−

−−

−−−−

−∈
−−−

∪−+∪−−+−+=

∪+∪−−−+≥

∪+∪−−+≥

+=∑
−

iiiiGii

iiiiGii

iiiiGiiiGiG

XXu
iSGiSGSG

ZYXXeZYkstU

ZYvueZYskn

ZYvueZYsvu

vuu

ii

ii

 

and we get (i). 
 
Throughout the rest of the proof, we suppose Claim 8 (ii) or (iii) holds. Note that 

111 −∪=∪ −− iiii ZYZY  and  111 −∪=∪ −− iiii YXYX .  In the case where Claim 8 
(ii) holds, 

.2))(,(                     

)(deg1),()(deg)(deg

11

][1111

−+∪−+∪≤

−−+∪−∪+≤

−−

−−−−−−

UYXTveYX

vUYXveYXvv

iiiGii

iUGiiiGiiiSGiSGi

 
In the case where Claim 8 (iii) holds,  11 −− ∪∈ iii YXv  and 

.2))(,(                     

),(),(1)(deg)(deg

11

1111

−+∪−+∪≤

−+∪−−∪+≤

−−

−−−−−−

UYXTveYX

UveUYXveYXvv

iiiGii

iGiiiGiiiSGiSGi

Hence 

( )

)).(),()((    
),(1

 2))(,( ),(122

)(deg),(2)(deg)(deg

)(deg)(deg

1111

111

1111

1111

1

−−−−

−−−

−−−−

−−−−−

−∈
−−

∪−∪−∪−

∪−+∪−∪−++−≥

−+∪−+∪−∪++∪−−−+≥

−∪+∪−−+≥

=∑
−

iiiiiiG

iiiiGiiii

iiiGiiiiiGii

iSGiiiGiiiGiG

XXu
iSGSG

YXTZYZYe
ZYXXeYXZYkst

UYXTveYXZYueZYskn

vZYueZYsvu

uu

iii

ii

 
    Suppose further that 1+−≥− wkst . By Claim 7, 01 GG =  . On the other hand,  

UvTu ∈∈ 11 ,  and  )(11 GEvu ∉ , and there exists an odd component  1C  such that 

11 Cv ∈  by Claim 4(iv). Hence 
,1)1(),(1),()(deg 1111 −−−+≤−+≤− wUTveCTvev GGSG  and  
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( )
).,(2                        

1)1(),(22                        

)(deg2)(deg)(deg)(deg

1

1

1
1

000

TZewkst
wUTveskn

vsvuu

G

G

Xu
SGiGiGSG

−+−+−=

−−−+−−−+≥

−−+≥∑
∈

−−

 

 
Consequently we get (ii).               � 
 

Until we finish the proof of Claim 12, we fix an integer p with 01 pp ≤≤ . We 
define integers ll AAABBB ,...,,,,...,, 2110  with  ll BABABAB ≤<⋅⋅⋅<<<<≤ 22110   
so that the following hold : 

• 00 =B  and pBl = ; 
• if  1u  and 1v  satisfy (ii) of Claim 8, then  01 =A ;  
• if  pu   and pv  satisfy (i) of Claim 8, then  pAl = ;  

• for each i with iii uAiB ,11 ≤≤+−  and  iv  satisfy (i) of Claim 8; 
•  for each i with  iii uBiA ,1 ≤≤+  and  iv  satisfy (ii) or (iii) of Claim 8. 

And we set, for each i with 1,1 −−=≤≤ iii BAali   and iii ABb −= , and  ∑=
=

l

i i qb
1

. 

Note that  pq ≤≤0  and  ∑=
−=

l

i i qpa
1

. 
 

Claim 10   

( ) .22 2

1 1 111

qqpqYXZYZY
l

j

l

j

B

Ai
iiii

A

Bi
ii

j

j

j

j

+−=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
∪+∪+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
∪∑ ∑ ∑∑

= = +=+= −

 

Proof  If Claim 8 (i) holds, then 211 +∪=∪ −− iiii YXYX  and =∪ ii ZY   

11 −− ∪ ii ZY , and if Claim 8 (ii) or (iii) holds, then  111 +∪=∪ −− iiii YXYX  and  

111 +∪=∪ −− iiii ZYZY . Hence 

 

( )

∑∑∑∑

∑∑ ∑ ∑∑ ∑∑∑

∑ ∑ ∑∑∑

∑ ∑ ∑∑

====

=

−

= = == = =

−

=

= =

−

==

−

=

= = +=+=

+⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+=

++++=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
++

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
++

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
∪+∪+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
∪

−

l

j
j

l

j
j

l

i
i

l

j
j

l

j

j

i

l

j

l

j
jjji

l

j

l

j

j

i
ji

j

i
ij

l

j

l

j
jj

j

i
i

j

i
i

j

i
ij

l

j

l

j

B

Ai
iiii

A

Bi
ii

bbab

bbbbbaba

bbbaba

YXZYZY
j

j

j

j

1

2

111

1

1

1 1 1

2

1 1 1

1

1

1 1

1

11

1

1

1 1 11

2

222

122

2
1

 

.2)(2 22 qqpqqqqqp +−=++−=             �  
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Claim  11   
               

))()(),()((),(
1

11
1

111 ∑∑
=

−−
=

−−− ∪−∪∪−∪≥∪−
p

i
iippiiiiG

p

i
iiiiG YXYXZYZYeZYXXe . 

Proof  Let  ),()(( 111 −−=
∪−∪∈ iiiiG

p

i
ZYZYEuv U ))()( iipp YXYX ∪−∪  . There 

exists an integer 1i  with pi ≤≤ 11  such that  )()( 11 1111 −− ∪−∪∈ iiii ZYZYu  and 

)()(
11 iipp YXYXv ∪−∪∈ .  If ),(

11 iip YXXv ∪−∈  there exists an integer 2i  with  

pii ≤< 21  such that  122 −−∈ ii XXv . If  )(
11 iip YXYv ∪−∈ , there exists an integer 

3i   with pii ≤< 31  such that 133 −−∈ ii YYv ,  and hence there exists an integer  4i  

with  341 iii <<  such that 144 −−∈ ii XXv . Hence there exists an integer 0i   with 

pii ≤< 01  such that  100 −−∈ ii XXv . Since 1111 001100
, −−−− ∪∈∪⊃∪ iiiiii ZYuZYZY . 

Consequently 

),(),( 1111111 0000 −−−=−−− ∪−⊂∪−∈ iiiiG
p

iiiiiG ZYXXEZYXXEuv U , 

and we get Claim 11.                 � 
 
Claim 12  (i)   
 

( ) ( ). 2)22(  ),()(deg 2 −++−+−−+≥∪∪−+∑
∪∈

− kUstpUpqqZYYXTeu
pp YXu

ppppGSG

 
(ii) Suppose that 1+−≥− wkst , and Tu ∈1  and  Uv ∈1 . Then  1≥q  and 
   

( ) ( ) . 1222),()(deg 2 −+−++−+−−+≥∪∪−+∑
∪∈

− wkUstpUpqqZYYXTeu
pp YXu

ppppGSG

 
Proof  By Claims 9, 10 and 11, 

 

( )( )∑ ∑

∑ ∑ ∑∑ ∑

∑

= +=
−−−

= += −∈
−

+= −∈
−

∪∈
−

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
∪−+∪−−+−+≥

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

−

−− −

l

j

A

Bi
iiiiGii

l

j

B

Ai XXu
SG

A

Bi XXu
SG

YXu
SG

j

j

j

j ii

j

j ii

pp

ZYXXeZYkstU

uu

u

1 1
111

1 11

1

11 1

,22  

)(deg)(deg

)(deg

 

   (∑ ∑
= +=⎜
⎜
⎜

⎝

⎛
∪−∪−++−+

l

j

B

Ai
iiii

j

j

YXZYkst
1 1

1  

   ( ))(),()(),( 1111111 −−−−−−− ∪−∪−∪−∪−+ iiiiiiGiiiiG YXTZYZYeZYXXe  
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⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟
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and we get (i). 
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and  we can get (ii) by arguing as in the preceding paragraph.                        � 
 
    Now we divide the proof into the following two cases.  
 
Case 1  ⎣ ⎦2/)(0 kstp +−≥ .  
 
    We set  ⎣ ⎦{ }1  , 2/)( max1 kstp +−=  and 
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11
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11 pp ZY ∪ . For each integer x 
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by Claim 1. Define q as in the paragraph preceding Claim 10 with 1pp = . Now we 
divide the proof further into two subcases. 
 
Subcase 1.1  φ≠U  and  1+−≥− wkst . 
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if 1≤+− kst , then )(1)( 11 stkkstpf −≥−+−= . Thus in either case, 
)(4/1)( 11 stkpf −+−≥ . Consequently we get 4/5)()( 11 −+−≥ wstkpα ,  which 

contradicts (2). 

 
Now we consider the remaining case, i.e. the case where Tvu ∈11 , . In this case, 
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if 1≤+− kst , then 1)(2)1( 11 −+−≥−++−=− UstkkUstpf . Thus in either case, 

)4/5()()1( 11 −+−≥− Ustkpf . 
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Therefore, since )4/5()()1(, 11 −+−≥−≥ wstkpfwU .  
Consequently we get 4/5)()( 11 −+−≥ wstkpα , which also contradicts (2). 
 
Subcase 1.2  wkstU −≤−= or    φ . 

 
By Claim 12(i),  )()( 111 qfp ≥α . 
 
First we suppose φ=U . Then 11 −≤ pq , and hence )1()( 111 −≥ pfqf . Moreover 

)4/5()()1( 11 −−≥− stkpf  by the same argument as in the second paragraph of 
Subcase 1.1, and hence )4/5()()( 11 −−≥ stkpα , which contradicts (2). 

 
Now we suppose φ≠U  and  wkst −≤− . In this case, we show that  2≥+− kst . 
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Case 2  ⎣ ⎦ 12/)(0 −+−≤ kstp . 

    In order to proof case 2, we show the following three claims.   
 
Claim 13  sntsk −≤≤−   
 
Proof  Obviously, snt −≤  holds. 
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If 0=s , then (3) implies 10 ≥ , which is absurd. Hence 1≥s , and this together with 
(3) implies  kt ≥ ,  so  skt −≥ .  Consequently, we get Claim 13.           � 
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For each real number x ,  we set 
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By Claim 3, wtsnU
≥
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33
. Consequently, we get Claim 15.                   � 

By Claims 12(i) and 14, for any integer q with )()(,0 2020 qfppq ≥≤≤ α  (note 
that tsnU −−= ). This together with Claim 15 implies 2)()( 02 −+−> wstkpα , 
which contradicts (4).               �  
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