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Abstract

The I-closure cl;(G) of a graph G, as defined by Bondy and Chvaétal, is the

graph obtained from G by recursively joining nonadjacent vertices with degree-
sum at least I.

Let k>1 be an integer and G be a graph of order n > max{(3k2 +2k +3)/8,

2k —1+/3k? — 6k +3} with minimum degree at least kand kn is even. We prove
that if cl,, _»(G) is complete, then G has a k-factor.
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1 Introduction

In this paper, we consider only finite undirected graphs without loops or multiple
edges. Let G be a graph. We denote by V(G) and E(G) the set of vertices and the set

of edges of G, respectively. We denote by 5(G) the minimum degree of G. For subsets
A and B of V(G), we let Eg (A, B) denote the set of edges joining A and B, and let
eg (A, B) denote the cardinality of Eg (A, B). A vertex x is often identified with {x},
for example, we write E (x, B) for EG({x}, B). For xeV(G), we denote by degg (X)
the degree of x in G. For a subset M of V(G), we denote by G[M] the induced

subgraph of G on M. Let k>1 be an integer. A k-factor of graph G is a spanning
k-regular subgraph of G.

Let G be a graph of order n and | be a nonnegative integer. Among all the graphs H
of order n such that E(G)c E(H) and deg,, (u)+degy (v) <l for all uve E(H),
there is a unique smallest one. Bondy and Chvatal [1] have called this graph the
I-closure of G. Obviously the I-closure of G can be obtained from G by recursively
joining nonadjacent vertices with degree-sum at least I. We denote by cl,(G) the

I-closure of G. Concerning the relation between the existence of a k-factor and the
I-closure of G, we will show the following theorem.
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Theorem 1 Letk >1 and n>1 be integers such that kn is even. Let G be a graph

of order n>max{(3k%+2k+3)/8, 2k —1++/3k> -6k +3} such that &5(G)=k.
Suppose that cl,,,_,(G) =K, . Then G has a k-factor.

Theorem 1 is best possible in the sense that we cannot replace n+k -2 by n+k-3,
which is shown in the following example:

Let k>1 and n>k?+3 be integers with n even. First we consider the case where
k>2.Let M, Ly,..., L, be graphs defined as follows:

M = K| o) foreach integer i with 1<i<k-1 L; =K,;.and let L, be a null
graph having (n—[\/(M)|— ‘u%‘:‘fV(Li )U vertices. Fix a, €V(Ly) and a, eV (L)
and, for each i with 2<i< k-2, let a; denote the central vertex of L;.

We define G as follows:

V(G) =V(M)U (U V(L) EG) = EM)UUiF E(L))u fv uev(m),

Ve U V(L)JUF , where F=4¢ ifkis even, and F ={a,;a,;,, |0< j<(k—-3)/2}
if k is odd. Then cl,,,_3(G) =K, , but G has no k-factor. Now we consider the case
where k=1 and n is an even integer. Let M be a complete graph having (n—2)/2
vertices, and L be a null graph having (n+2)/2 vertices. We define G as follows:
V(G)=V(M)uV(L), E(G)=EM)u{uv|ueV(M),veV(L)}.

Then also cl,_,(G) =K, , but G has no 1-factor.

2 Proof of Theorem 1

Let G be a graph. In order to prove Theorem 1, for disjoint subsets S and T of
V(G),we define 65(S,T) by

86(S,T)=K[S|+ D (degs_s (y)—k)—h(S,T),
yeT

where h(S,T) denotes the number of components C of G-S-T such that
e (T,V(C))+k[C|=1 (mod2) (such components are referred to as odd components

and the other components are referred to as even components). The following
criterion for the existence of a k-factor is essential for our proof:

Theorem A (Tutte[2]) Let k >1 be an integer and G be a graph. Then

(1) G has a k-factor if and only if 65 (S,T)>0 for all disjoint subsets S and T of
V(G), and
(2) 65(5,T)=0 (mod2).

Now let k, n and G be as in Theorem 1. Set n, =max{(3k?+2k+3)/8,

2k —1++/3k% —6k +3}, thus n> n,. By way of contradiction, suppose that G has no
k-factor, and suppose further that, for any nonadjacent vertices u and v of G, G +uv
has a k-factor. By Theorem A, there exist disjoint subsets S and T of V(G) satisfying



k-Factor and £Closure in Graphs 17

86 (S, T)<-2. We choose such subsets S and T so that [SUT| is maximal. We fix
these disjoint subsets S and T of V(G) throughout the rest of the proof of Theorem 1.
And we set U =V (G)-S —T,|S| = s,|T| =t, and w=h(S,T).

Claim 1 Zy L degg s (y) sk(t-s)+w-2.

Proof Since &5 (S,T)<-2, we can get this claim immediately. O

Claim 2 Suppose that U = ¢. Then for each zeU,eg (z,T) <k-1.

Proof Let zeU, and set S'=Su{z}. Then we obtain 65(S',T)<55(S,T)
-6 (z,T)+k+1. By the maximality of [SUT|,55(S'T)=0, this together with
05 (S, T)<-2 implies eg(z,T)<k-1. 0

Claim3 w<|U|/3.

Proof If w=0, obviously w<|U |/3, then we suppose w>1. Let C be an odd
component. Let zeV(C), and set T'=Tu{z}. Then we obtain 55(S,T')<
56(S,T) +degg s (z2)-k+1. By the maximality of [SUT|, 55(S,T")=0, this
together with 55(S,T)<-2 implies degg_s(z)=>k+1. Hence we obtain
\V(C)| = degg_s (z) +1-eg (2, T) 23 with Claim 2. Therefore for each odd component
C, |C|=3, and hence we get Claim 3.

Claim4 (i)  The number of even components of G—S —T is at most 1.

(ii)  If the number of even components of G—-S—T s equal to 1, then
w=0.

(iii)  Each componentof G—S-T is complete.

(iv) Let C be an even component. For each ueT and for each
veV(C),uve E(G).

(v) For each ueS and for each veT LV, uweE(G), and G[S] is
complete.

Proof For any nonadjacent vertices u and v of G,G +uv has a k-factor, and hence

5G+uv (S,T) 20 (1)
by Theorem A.

(i) We assume there exist two even components of G-S-T , say C; and C, . Let
ueV(C;) and veV(C,), then uve E(G) and 05, (S, T)=05(5,T)<-2,
which contradicts (1).

(if) Let C; be an even component of G-S—-T. We assume there exists an odd

component of G-S-T, say C,. Let ueV(C;) and veV(C,), then
wegE(G), and set G'=G+uv. Since G'|V(C,)LV(C,)] is an odd
componentof G'=S-T, 65(S,T) =05 (S, T) <-2, which contradicts (1).
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(iii) Let C be a component of G-S-T. If there exist nonadjacent vertices
u,veV(C), then dg,,, (S,T)=355(S,T)<-2, which contradicts (1).

(iv) Let C be an even component of G—S—-T . Suppose that there exist ueT and
veV(C) suchthat uveE(G), andset G'=G+uv. Since G'[V(C)] is an odd

component of G'-S-T, 65/(S,T)=ks+ zy T(degG_s(y)—k)+ 1-(w+1) =
05 (S,T) <-2 which contradicts (1).

(v) [Ifthereexist veS and ue SUT uU with v=u such that vu ¢ E(G), then
O (S.T)=05(S,T)<-2, which contradicts (1). 0

Now we define the sequence of graphs G =Gy, G;,...,G,, .G ,; =K, and subsets
X;,Y; and Z; of V(G) with X;,Y; <T,Z; cU and X;nY; =¢(i=01..., py) as
follows.

. Xo=Yy=Zy=4.
Il. If U=¢g,then G, =G,, and if U #¢, then G, is the graph obtained from
G, by recursively joining nonadjacent vertices u and v of U with degree-

sum at least n+k—2.
I1l. For each i with 1<i<p,, let u; andv; be nonadjacent vertices of G;

such that {u;,vi} < (T =Y 1)U U -Ziy), {u;,vi}n (T = (Xj1 LYiq)) # ¢
and degg (uj)+degg (Vi) =n+k-2. If {u;,vi}<=T-(X;; UY;4), then
Xi ={Ui,Vi}U Xifl’Yi :Yi71 a.nd Zi :Zifl; |f |{Ui,Vi}ﬁ(U —Zi71|:1, Sa.y
Vi EU _Zi71 and Ui GT_(Xifl UYifl)x then Xi :{Ul}u Xifl,Yi :Yi71
and Zi :{Vi}UZi_l; if |{U|,V|}ﬁ Xi—1|:1’ Say Vi eXi_l and Ui eT -
(XigWYiq), then X; ={uiyu X —{vi}.Y; ={v;}uYi; and Z; =7; ;.
And  G,,, is the graph obtained from G; +u;v; by recursively joining

nonadjacent vertices uand v with degree-sum at least n+k—2 such that
one of the following holds:

(i) u,veU;
(“) UeXi,VGU UXi UY,,OI‘

(“l) UEYiUZi,VETUU.
Claim5 T=¢.

Proof We assume T =¢. Since 55(S,T)=05(S,¢)=ks—w, w>ks+2 and hence
w>2. Since Gp, =Ko, there exists a graph H with V(H)=V(G),E(H) > E(G),
and H[U]=G[U] for which there exist components C;,C, of G[U] and vertices
z;, €V(C;) and z, eV(C,) such that degy (z;)+degy (z,)>2n+k—2. On the other
hand, degy (z;) +degy (2,) <| Cyf+|Cy| -2+ 25 <n+s-w<n+s(l-k)-2<n-2.

Hence we get a contradiction. From this, we get T = ¢. O

Claim 6 G; # K, .Thus py >1.
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Proof We assume G, =K,. Then G;[T]=G[T] is complete, and for each vertex
yeT and for each vertex zeU,yze E(G). Hence Zy TdegG,S(y):t(n—s—l),
and t <k -1 by Claim 2. On the other hand, by Claims 1 and 3,

zy TdegG,S(y)sk(t—s)+w—2£k(t—s)+|U|/3—2=k(t—s)+(n—s—t)/3—2.
Therefore k(t—s)+(n—-s-t)/3-2>t(n—-s-1), and hence kt+(n-t)/3-2>t(n-1)
for t<k-1.ByClaim5, t>1,and n>k+2/3, hence k-(2n)/3-4/3>0, which
contradicts n>ng. O

By Claim 6, throughout the rest of the proof of Theorem 1, we let p, >1.
Claim7 If t—-s>k-w+1, then G, =G,.

Proof If |U|<1, G, =G, by the definition of G,. Then we suppose |U|>2. Let
u,veU . And suppose that u and v are nonadjacent vertices of G,. By Claim 4(i)
and (ii), there exist odd components C, and C, such that ueC; and veC,. By
Claim 2, eg ({u,v},T)<2(k 1) . Hence

degg (u) +degg (V) <degg_g(u)+degg_g(v)+2s
<ec{u v} T)+[Cy|+[Cy|-2+25
<2(k-1)+U|-(w-2)-2+2s
<U[+k+(k-w+1)-3+2s
<|U|+k+t—-s-3+2s
=n+k-3.

Consequently we get G; =G,. N

Claim 8 For each integer i with 1<i < p,, one of the following three situations
occurs:

(i) U,V €T —=(Xi3UYiy);
(i) u;eT—-(X;;uY;y) and v;eU-2,;.0r
(ii)  u; €T =(X;1VY;4) and v; € X
Note that {u;,v;} < (X; = Xi_)u (Y =Yio)vu(Zi -Z;4) .

Proof By the definition of G;, we can get this claim immediately. 0

Claim 9 For each integer i with 1<i < p,, the following hold.
(i) Suppose that Claim 8 (i) holds. Then

D degg_s ()2 U|+t—s+k-2-2Y; UZ;|+eq (X; =X, Yig UZiy).
ueX;=X;_1
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(if) Suppose that Claim 8 (ii) or (iii) holds. Then

D degg_s () 2 t—s+k+1-|¥; UZ;|=|X; UY;|+eq (X =X, Vi UZiy)
ueX; =Xy

—ea (i UZ) = (Vi UZig), T=(Xi1 LUYig))
Suppose further that t—s>k -w+1. Then

Z:dege,S uzt-s+k-2+w-eg(Z2,,T).

ue X,

Proof First we suppose Claim 8 (i) holds. Since |Y; ; UZ; | =|Y; UZ;],

D dege s (u) = degg_s (u;) +deg_s (v;)

ueX;—X; 4
> degg, (u;)+degg, (Vi)_2s_2|Yi—1 Uzi—1|+eG qui vitYiauziy)
>n+k-2-25-2Y; uZ;|+ec Qui,vi}. Y UZi)
=U|+t-s+k-2-2Y; UZ;|+ec (X; = X4, i1 UZiy),

and we get (i).

Throughout the rest of the proof, we suppose Claim 8 (ii) or (iii) holds. Note that
ViaUZiy|=|Y;uZ;|-1 and |X;; UY;4|=|X; UY;|-1. Inthe case where Claim 8
(i) holds,
degg, s (Vi) <degg_s (vi)+| X4 UYia|—ec (vi, Xi4 UY; 1) +U|-1-deggpy; (vi)
<|X; OYi|+eg (vi, T = (X3 UYiy))+U|-2.

In the case where Claim 8 (iii) holds, v; € X;_; UY;_; and
degg s (Vi) <degg_s (Vi)+|xi—1 UYi_1|—1—eG (vi, Xi4 VYiy) +|U|—eG (v;,U)
< |Xi UYi|+eG Vi, T=(Xi4 UYi_l))+|U|—2.
Hence
" dege_s (u) = dege_s (u;)

ueX;—X
> degg, (u;) +degg, (Vi) =25 —[Yiy U Ziy|+eg (U;,Yiy UZiy) —degg, s (v;)
>n+k-2-25—|Y; UZ;|+1+eg(U;,Y; uZi_l)—(|Xi OYi|+eg (v, T =(Xi4 UYi4)+U[-2 )
2t-s+k+1-|Y; UZ|—|X; UYi|+eg (X, = Xi4,Yig UZ;y)
—ec (Vi WZi) = (Yin W Ziyg) T - (Xi1 WYiy))

Suppose further that t—s>k-w+1. By Claim 7, G; =G, . On the other hand,
u,eT,v; eU and uyvy ¢ E(G), and there exists an odd component C; such that
v, € C; by Claim 4(iv). Hence

degg s (vy) <eg (v;, T)+|Cy|-1<eg (v;, T)+ V|- (W-1)-1, and
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D deg_s (u) > degg, (u;)+degg, (vi) - 2s—deg, s (V1)

ueX,
> n+k—2—23—(eG (Vl,T)+|U|—(W—l)—l)
=t-s+k-2+w-eg(Z,,T).
Consequently we get (ii). 0

Until we finish the proof of Claim 12, we fix an integer p with 1< p<p,. We
define integers By, By,..., By, Aj, Ay,..., Ay with By <A <B; <A, <B, <---< A <B;
so that the following hold :

e By=0and B, =p;
if u; and v; satisfy (ii) of Claim 8, then A, =0;
if u, and v, satisfy (i) of Claim 8, then A =p;
o for each i with B;_; +1<i< A;,u; and v; satisfy (i) of Claim 8;
e foreachi with A +1<i<B;,u; and v; satisfy (ii) or (iii) of Claim 8.

And we set, for each i with 1<i<l,a; = A, —B;; and b; =B; - A, and z:qbi =q.

Note that 0<qg< p and z::lai =p-q.

Claim 10
BJ
22{ Z|Y UZ |J+Z( Z(IY VZi|+[X; UYiD}:ZDQ—qZW-
j=1\i=Bj,+1 =1 i=A;+1

Proof If Claim 8 (i) holds, then |X;uY;|=|X;;uUY4|+2 and |Y,uZ;|=
Yiy UZ; 4|, and if Claim 8 (ii) or (iii) holds, then |X; UY;|=|X;;LY; 4|+1 and
Vi UZ;|=Yi.1 UZ;,|+1. Hence

3 Sz 3 Ewezmoni)

j=1\i=B;,;+1 =1 i=A;+1
=2 ! (ajjz:bI}FIZ{z{zl:ai +§bi]+bj +1ij
j=1 i j i=1 i=1
_2 JZ:alb,+ZZ|:ZJ:a +Zi§bibj+ibf+ibj
j=1 i= j=1 i=1 j=1 i=1 j=1 j=1
| | | 2 |
:ZijZaﬁ{ij] +ij
j=1 i=1 j=1 j=1

=2(p-9)q+0q*+q=2pq—q*+q. 0
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Claim 11

Zee(x Xi1YiaUZ; 1)>Zee(w. UZ) = (Yig UZig) (X UY) = (X5 UY)).
i=1

Proof Let quUi" Es (Y, UZ) = Yy UZiy), (X, UY,)—=(X; UY;) . There
exists an integer i; with 1<i, <p such that ue(Y; vZ;)-(Y;,vZ;,) and
Ve (X, uY,)—(X; vY). If ve X, —(X; UY;), there exists an integer i, with
iy <i; <p suchthat veX; —X; . If veY,—(X; LY;), there exists an integer
i with i; <i; < p such that veY; —Y;_1, and hence there exists an integer i,
with i, <i, <i3 such that ve X; —Xirl. Hence there exists an integer i, with
iy <ip < p suchthat veX; —X;_,.Since Y; ; UZ; 4 DY, UZj UueY; 1 UZ; 4.
Consequently

p
w e Eg (X, = X 1.Yi, 1 VZi ) Ui:lEG(Xi - X YiaVZiy),

and we get Claim 11. 0
Claim 12 (i)

Z:dege,s(u)+eG(T—(Xp UY,), Y, uZp)2q2+q(2—2p—|U|)+ p(t—s+|U|+k—2).

ueXuyY,
(i) Suppose that t—s>k—-w+1,and u; €T and v; €U .Then g>1 and

Z:dege,S W+eg(T=X,UY,,Y,uZ,)>q? +q(2—2p—|U|)+ p(t—s+|U|+k—2)+w—1.

ueXuyY,

Proof By Claims 9, 10 and 11,

Zdege_s (u)
ueX,uyY,
Bj
_Z Z [ ZdeQG—S (u)}+ Z { ZdEQG—s (U)J
J=1 =B +1\ ueX;—X; i=Aj+1\ ueX;—X;_;

>Z Z U[+t-s+k-2-2Y; UZ;|+ea (X; - X4, Vi UZ4))

j=1{i=Bj+1

+Z Zt—s+k+1 i uzZi| - |X; Y|

j=L\ i=Aj+1
+eg(Xi = Xig.YiauZig)—eg((i UZ) - (Yig UZi ) T - (X4 UYil)):']
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[ Aj | B,
=Z Z]:|U|+t—s+k—2 +z Zt—s+k+1
j=1\i=Bj,+1 =L i=Aj+L

- 2'2{ imuz@@[ S ozfefx, uv@

j=1{i Aj+l =1\ i=Aj+1

Aj
+ { es (Xi = Xi,Y 1UZ|1)J+Z{ ZeG(X Xi,Y 1UZi1)J

j=1{i=Bj+1 =1 i=Aj+1

LN

[ Bj
- [ ZeG((Yi Uzi)_(Yi—luzi—l)lT_(Xi—1UYi—1))J
1\

=1 i=Aj+1

=(p —q)(|U|+t—s+k—2)+q(t—s+k+1)—(2pq—q2+q)

+ZEG(X XiaYiaUZig)- Zee(w.uZ) (i UZi) (X UY )= (X L))

i= i=1
_zee (i uZi)—(YinuZig),T-(X,UY,))
i1
>q2 +q(2-2p—|U|)+ plk+|U]+t-s-2)—eg (Y, UZ,, T =(X, UY,)),
and we get (i).

Suppose that t-s>k-w+1, and u; €T and v, eU. Evidently q=>1. By
Claim 9(ii), Zu . degg s () >t-s+k—-2+w—eg(Z;,T). Hence

e

j=1 i=Aj+1 ueX;—X;_4
B | B;

= Y deges W)+ Y| D deges(u) [+ D dege_s (u)

ueX, i=2 \ueX;-X;4 j=2 i=Aj+1\ ueX; =X,
>Z Z t-s+k+1-[Y; UZ|-|X; LY

j=1\i= Aj+l
+eg (Xi =X YiaUZig)—es ((Yi W Z) - (Yin UZiy), T (X, UYi—l):'] +w-1,

and we can get (ii) by arguing as in the preceding paragraph. 0

Now we divide the proof into the following two cases.

Casel p,=|(t-s+k)/2].

We set p; = max{|(t—s+k)/2], 1} and
a;(py) :ZUExplqul degg_s (u) +eg (T — (X LY, ) Yy WZy ). For each integer x
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with 0<x<p,, we set fl(x)=x2+x(2—2p1—|U|)+ pl(t—s+|U|+k—2).
Since ay(py) <),  dege s (¥).
a;(py) <k(t-s)+w-2, )

by Claim 1. Define g as in the paragraph preceding Claim 10 with p = p;. Now we
divide the proof further into two subcases.

Subcase 1.1 U #¢ and t—s>k—-w+1.

First we consider the case where u; €T and v, eU . In this case, 1<q< p;. By
Claim 12(ii), a;(p;)> f,(q)+w-1. If U[>2, then p, <-1/2(2-2p, -|U|), and if
lU|=1, then —1/2(2—2p1 —|U|): p, —1/2. Hence, from the assumption that U = ¢,
it follows that for any integer x with x<p;, f(x)>f(p;). In particular,
f,(q) = f;(p;) . Moreover, if t—s+k >2, then

fl(pl):_p12+ py(t—s+k)
(t-s+k-1)? t-s+k-1
> +

- (t—s+K)
_(t-s-k)? 1 ~

—E k)
2—%+k(t—s);

if t-s+k<1, then f;(p;)=t-s+k-1>k(t—s). Thus in either case,
fi(p) 2-1/4+k(t—s). Consequently we get «;(p;)=k(t—-s)+w-5/4, which
contradicts (2).

Now we consider the remaining case, i.e. the case where u;,v; €T . In this case,
0<q<p;-1. By Claim 12(i), ay(p;)> f,(q). Since p,—1<-1/2(2-2p, -|U])
f,(q) = fi(p; —1) . Moreover, if t—s+k>2, then

fi(py—1) =-pf + pyt—s+k)+U|-1
2
2_(t—s+k—1) +t—s+k—1
4
C(t-s-k)?
4

(t-s+k)+U|-1
+|U|—%+k(t—s)

2k(t—s)+|U|—%;

if t—s+k<1,then f(p;-1)=t—s+U|+k—-2>k(t—s)+|U|-1. Thus in either case,
fi(py -1 2 k(t—s)+U|-(5/4).
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Therefore, since U= w, f;(p; —1) > k(t—s)+w—(5/4).
Consequently we get a;(p;) 2 k(t—s)+w-5/4, which also contradicts (2).

Subcase 1.2 U=¢g or t—s<k-w.
By Claim 12(i), a,(p,) > f,(q).

First we suppose U =¢. Then q< p, -1, and hence f,(q)> f;(p; —1) . Moreover
fi(py —1) 2 k(t—s)—(5/4) by the same argument as in the second paragraph of
Subcase 1.1, and hence a;(p;) = k(t —s)—(5/4), which contradicts (2).

Now we suppose U = ¢ and t—s<k-w. In this case, we show that t—-s+k>2.
Suppose that t-s+k<1. Then s—-t>k-1>0, and hence k(s—t)>s—-t+k-1.
Since k(s-t)<w-2 by (2), this implies s—t+k <w-1, which contradicts the
assumption that t—s<k—-w. Thus t—-s+k >2. By the same argument as in the first

(t-s—k)? 1

paragraph of Subcase 1.1, f,(q)> f;(p;) and f,(p;) 2 2 _Z+ k(t—s).

(t-s—k)% _ w?

Moreover, since t—s—-k <-w<0, 2 > T’ and hence

w2 o1
fl(pl)ZT—ZJt‘k(t—s) .

2
Therefore, since WT—% >w-2, fi(p)>k(t-s)+w-2.

Con-sequently we get o4 (p;) >k(t—s)+w-2, which also contradicts (2).
Case2 p, <|(t-s+k)/2]-1.
In order to proof case 2, we show the following three claims.
Claim13 k—-s<t<n-s
Proof Obviously, t<n-s holds.

First we suppose that w>2. Since G, ,; =K, , there exists a graph H with
V(H)=V(G),E(H) > E(G) and H[U]=G[U] for which there exist components
C;, C, of G[U] and vertices z; eV (C,) and z, eV(C,) such that
degy (z;) +degy (z,) 2n+k—2. On the other hand,
degy (z;)+degy (z,) <|Cy|+]Cy|—2+25 +2t<n—s5—t—-2+25+2t=n+5+t-2.
Hence we get k—s<t.

Now we suppose that w<1. Since &(G) > k,zy ; degg_s(y)=t(k—s). On the
other hand, zy N degg_s (Y) <k(t—s)+w—-2<k(t—s)-1. Hence we get
ts>ks+1. 3)
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If s=0, then (3) implies 0>1, which is absurd. Hence s>1, and this together with
(3) implies t>k, so t>k-s. Consequently, we get Claim 13. 0

We set

az(po): zdege—s(u)"’eG(T_(Xpo UYPO)'YDO Uzpo)

UEXPO quo

+ Zdege[T—(xpoquo)](U) +eg(T—(Xp, WY WU =Z,).
UET~(X 5 W)

Since a,(py) < zyeT degg_s (¥),
ay(pg) Sk(t-s)+w-2 (4)

by Claim 1. Let g be as before with p=p,.
Claim 14

ZdEQG[T—(XpouYPO)] W +eg(T—(Xp, WY, )U=2Z,)2(t-2py +9)(n—s-2p, —1).
ueT —(X po“Ypo )

Proof Since G, =K, for each vertex yeT—(X, LY, ) yzeE(G) for any
vertex z (T —{y})uU — (X, UY, UZ, ). Since ‘T ~(Xp, UYp, )\ =t—2py +q
and ‘ (T-{yPuU (X, LY, UZ,) ‘ >n-s—2p, -1, we get Claim 14, O
For each real number x, we set

fo(X) = X2 +xX(t—4py +1)+4p2 + py(kK—n—2t) +t(n—s-1).
Claim15 f,(q)>k(t—s)+w-2.

Proof We set

2 2
ﬂ(s,t)z—%ﬂ(E LS sj+s(ﬂ L Ej+k Lan ko1

2 2 6 2 2 3) 2 3 2 4
By Claim 13, k—s<t<n-s, and hence £(s,t) > min{f(s,k—s), f(s,n—s)}. Since
3.2,5 2n k¥ k1
n>n [l Sak_s =—S" +— k—l +— - — - — - — >0’
0 B( ) 2 2( ) 3 7 s 2
2 k2

3, s n n 1
and B(s,n-s5)=—s“+—(2k-1-n+—+— — kn+— - =>0.
A ) 4 2( ) 4 2 2 4

Hence A(s,t) > 0. On the other hand,
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f,(q) > fp(-(t—4py +1)/2)

2
- |oo(2+|<-n)-%n[n—s—ﬁj—1

2) 4
2
Zw(z_{_k_n)_t__{_t[n_s_éj_i
2 4 2) 4

2 2
Y ko129 S(nok-2)+ K p k08

4 2 2 2 2 4
= p(s,t)+k(t-s)+(n—-s-t)/3-2.
U _s—

By Claim 3, % = nTst >w . Consequently, we get Claim 15. 0

By Claims 12(i) and 14, for any integer q with 0<q< py,a,(py) = f,(q) (note
that [U|=n-s—t). This together with Claim 15 implies a,(py) >k(t—s)+w-2,
which contradicts (4). 0
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