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Abstract 
 

An elementary parallel transformation (ept) of a graph ),( EVG =  is defined as a 
transfer of an edge to join two nonadjacent vertices in G which are equidistant from 
the ends of the given edge. A parallel transformation is then defined as a sequence P 
of such ept's carried out in the graph, and the so transformed graph is denoted )(GP . 
Further, a graph H is regarded parallel to G if there exists a parallel transformation P 
of G such that HGP ≅)( . In this paper, we determine the connected graphs which 
have at most one ept. 
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1  Introduction 
 

    Throughout this paper, unless mentioned otherwise, by a “graph” we shall mean a finite simple 
graph without loops as treated in F. Harary [3]. In this paper we present the concept of 
elementary parallel transformation and characterise connected graphs which have at most one 
elementary parallel transformation. These concepts seem to be connected to what is now being 
termed as “jump distance” of a graph (e.g., see [2,8]). 
 

2  Parallel Transformations in Graphs 
 

    Let ),( EVG =  be a graph and  uv  be a link (or, ‘edge’), ‘linking’ its two ends u and v 
such that there exist two other nonadjacent vertices  u ′  and v′  in G at distance t each from 
u and v, respectively. Then, the transformation of G into another graph  ( )vuuvG ′′→  (or 
( )vutuvG ′′    

r
 if we want to specify the distance t ) obtained by deleting the link  uv   (or, 

‘delinking’  u and v ) and linking the vertices u ′  and v′   by a new link  vu ′′  is called an 
elementary parallel transformation (or ‘ept’ for short, or  t-ept  if  t is to be specified), the 
operation itself being called so. Hence, a parallel transformation P of G is a sequence  

),...,,( 21 kPPP   of  epts  kiPi ≤≤1  , ; we may regard P as the composition of the maps iP  
and hence conventionally the “image” )(GP  of G under the composite map P can also be 
termed the parallel transformation of G under P.  
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    A graph H is said to be parallel to a graph G if there exists a parallel transformation P 
of G onto H  ( i.e., so that HGP ≅)( ), and then we write HPGHG     or    

r
→  if P is to 

be specified. 

Remark 2.1   The relation ‘→’  so defined is neither symmetric nor transitive (consequently, it is 
not an equivalence relation on the class of all graphs). Further, we define Φ  to be the null 
sequence each component of which delinks no pair of adjacent vertices and links up no pair of 
nonadjacent vertices at the same distance from the ends of the adjacent vertices; we consider it as 
the trivial parallel transformation of G. 
 
Observation 2.2   We observe that complete graphs nK  and complete bipartite graphs nmK ,  do 
not admit any non-null ept at all. In fact, the following result shows that these are the only such 
graphs; its proof uses the well-known notion of a dominating set in a graph G, which is defined 
as a set )(GVD ⊆  with the property that every vertex u in DGV −)(  has a vertex Dv∈  such 
that )(GEuv∈  (e.g., see T. Haynes et al [4,5], S.T. Hedetniemi and R. Laskar [6], H.B. 
Walikar et al [7] ). 
 
Theorem 2.3   A connected graph has no link amenable to ept if and only if it is either complete 
or complete bipartite. 
 
Proof   Let ),( EVG =  be a graph. If G is complete then it has no pair of nonadjacent vertices, 
and hence no ept. If G is complete bipartite, with bipartition },{ BA  of its vertex set )(GV , then 
any pair },{ ba ′′  of nonadjacent vertices is contained either in A or in B, while for every link  ab 
of G, Aa∈  and Bb∈  (or, vice versa) so that ),( aad ′  and ),( bbd ′  are of different parities: 
therefore, no ept is possible in this case too. 

 
For the converse, suppose that G has no ept. We shall show that G is either complete or 

complete bipartite. Towards this end, suppose that G is not complete. Then, there exists a pair of 
nonadjacent vertices  )(, GVba ∈′′ . Since G is connected, a′  and b′   are joined by at least one 
path. Let rbad =′′ ),(  and let  ),,...,,(: 121 baaaaaP rr ′==′= +  be an ba ′−′  geodesic (i.e., 
a shortest ba ′−′  path) in G. If 3≥r , since  ),(1),( 342 aadaad ==′  and a′  and  4a  are 
not  adjacent in G as P is a geodesic. We see that G has the ept  ),,(),( 432 aaaa ′→  a 
contradiction. Therefore, 2≤r  and since G has no loops it follows that }2,1{∈r . In fact, 2=r   
since a′  and  b′  are not adjacent in G. 

 
Thus, we have shown that any two nonadjacent vertices in G are at distance 2 from each other. 
 
Let A be a maximal independent set in G containing a′  and b′ . Since 2a  is adjacent to 

both a′  and b′ , AGVBa −=∈ )(2 . We next show that B is independent. If it is not, 
there would exist a link xy  in B. Since A is a maximal independent set, by a theorem of C. 
Berge [1] (see p. 309, Theorem 2), it must be a (minimal) dominating set of G and hence 
there exist vertices x′  and y′  in A such that )(, GEyyxx ∈′′ . If yx ′≠′  then 

),(),( yxyx ′′→  must be an ept in G, a contradiction to the hypothesis. Therefore, yx ′=′ . 
Then, at least one of  a′  and b′  must be different from x′ , say a′  is so. Then, since a′   and 
x′  are nonadjacent in G they must be at distance two as shown already. Hence, let  Bz∈  be 
adjacent to both a′  and x′ . If  ,xz =  or yz = , say ,xz = , then ),(),( xayz ′′→  is an ept in 
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G, a contradiction. Therefore, z must be different from x and y. We claim that a′   must be 
nonadjacent to both x and y; for, if a′  is adjacent to x, say, then ),(),( xayx ′′→  is an ept in G 
contradicting the hypothesis. Hence, a′  must be nonadjacent to both x and y. But, then 

),(),( xaxz ′→′  is an ept in G, again contradicting the hypothesis. Thus, it follows that B is an 
independent set in G. But then every pair of vertices in B must be at distance two from each 
other, being a pair of nonadjacent vertices. Also, since },{ BA   forms a bipartition of )(GV  the 
distance between any two vertices Aa∈  and Bb∈  can only be odd. It follows that G must be a 
complete bipartite graph with bipartition },{ BA .                                                              � 
 
    The next extreme case is of graphs which have exactly one ept, which is settled in the 
following result. 
 
Theorem 2.4  The only connected graphs which have exactly one ept are 4P , the path of length 
3, and the join graph eKKK −=+ 422 : . 
 
Proof   Suppose that G is a ),( qp -graph having exactly one ept and that  5≥p . Let  

),(),( baba ′′→  be the ept in G. Let ),(),( bbdtaad ′==′  and 
),...,,,( 210 aaaaaaP ta ′===  and ),...,,,( 210 bbbbbbP tb ′===  be an  aa ′-  geodesic and 

bb ′-  geodesic in G, respectively. 
 

Case 1   aP  and bP  are disjoint. 

Then,  1=t , for otherwise there would be at least one other ept as we shall show. Let 2≥t . 
Then, for the largest integer r such that )(GEba rr ∈  we have tr <  and  

),(),( 11 ++→ rrrr baba  to be another ept in G, a contradiction to the hypothesis, and hence the 
claim. Now, G has at least one more vertex, say v. Since G is connected we may choose v to be 
in the neighbourhood of any of the four vertices aba ′,,  and b′ . Suppose that v is in the open 
neighbourhood { })(:)( GEauVuaN ∈∈=  of a. Then, v must be adjacent to b′ , for 
otherwise ),(),( bvba ′→  would be another ept in G, a contradiction. But then ),(),( bava ′′→  
is another ept in G, again a contradiction to the hypothesis. Therefore, )(aNv∉ . Similarly, we 
can show that )(bNv∉ . 

 
Hence, let )(aNv ′∈ . Then, )(GEvb∈ , for otherwise ),(),( vbaa →′  would be another 

ept. But then ),(),( babv ′′→  would be another ept in G, a contradiction to the hypothesis. 
Similar contradiction would arise if one assumed  )(bNv ′∈ . 

 
This case is, thus, ruled out. 

 

Case 2   aP  and bP  are not disjoint. 

Then, let i and j be the first indices of vertex labels on aP  and bP  respectively so that ji ba = . 
Without loss of generality, let ji ≤ . Then, either ji =  or 1−= ji . Suppose 1=i . Since 

ba ′≠′ , being nonadjacent vertices in a loop-free graph, and aP  and bP  are geodesics there 
must exist a vertex v adjacent to 1a  but not to a or b on at least one of aP  and  bP . If v is on bP , 
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then  ),(),( 1 vbaa →  is another ept in G. If v is on aP  and if 1=j  then ),(),( 1 vabb →  is 
another ept in G. If v is on aP  and if  2=j  then 3≥t . Consequently, if )(GEbv∉  then 

),(),( 21 vbbb →  is another ept in G; and if  )(GEbv∈ , then ),(),( 3aavb →  is another ept 
in G. In any case, we get a contradiction to the hypothesis. Hence, 1>i  whence 

),(),( 21 abaa →  is another ept in G, again the same contradiction. 
 
Thus, it follows that 4≤p  whence 4=p  as G has already an ept. But, then, one can easily 

verify that 4P  and  eK −4  are the only graphs having exactly one ept.              � 

     In general, for a graph G there may exist two different parallel transformations 1P  and 2P  
such that )()( 21 GPGP ≅ . In simpler terms, two different particular problems suggest 
themselves here, viz., 

Problem 2.5  Determine the graphs G such that all its ept graphs GbaabG ≅′′→ )(  are 
pairwise isomorphic. We call such graphs uniquely ept graphs. 

 
An interesting subproblem of Problem 2.5 is the following: 

 
Problem 2.6  Determine the uniquely ept graphs G for which GbaabG ≅′′→ )(  for every 
choice of an ept ),(),( baba ′′→  of G. We call such graphs ept invariant graphs. 

 
The following is a `higher order' version of Problem 2.6. 
 

Definition 2.7  A graph G is )(rpt -invariant if r is the least positive integer such that for every 
parallel transformation P of G having length r one has GGP ≅)( . 
 

For example, every ept-invariant graph is pt(1)-invariant. 
 

Problem 2.8  Characterise )(rpt -invariant graphs. 

Remark 2.9  It may be easily verified that the pentagon 5C  (i.e., the cycle of length 5) and the 
hexagon 6C  (i.e., the cycle of length 6) are uniquely ept graphs but not ept invariant. Clearly, no 
cycle of length exceeding 6 is uniquely ept. Hence, we shall regard graphs having at most one ept 
as trivial ept graphs. 
 
Proposition 2.10  The only connected trivial ept graphs are the complete graphs nK , for any 
positive integer n, complete bipartite graphs nmK ,  for any positive integers m and n, 4P  and 

eK −4 . 
 

An infinite class of uniquely ept graphs is provided by the complements of n copies of 2K  
written 2nK , for ,...}5,4,3{∈n . 

Lemma 2.11  If G is a uniquely ept graph then its girth (i.e., the smallest length of a cycle in G ) 
)(Gg  is at most 6. 

Proof   Suppose that 7)( ≥= nGg  and let ),,...,,( 121 uuuuC nn =  be any cycle of length n in 
G. Consider the graphs  )( 321 uuuuGH n→=  and )( 4121 uuuuGK n−→= . We claim that 
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H and K are nonisomorphic to end the proof. Since each of H and K is obtained by just one ept 
each, we see that 2)( −= nHg  and 4)( −= nKg  since each of these epts does not create a 
cycle shorter than 2−n  and 4−n  respectively, whence H and K cannot be isomorphic.           �                                            

     Some more examples of uniquely ept graphs are nn KK •  and )( 5CDn  which is 
obtained by taking n copies of },...,2,1{  ),,,,,,(: 15432155 niuuuuuuCC iiiiiii ∈==  and 
then, for each  i ,  by joining every vertex iru  in the i-th copy 5iC  to the neighbours 

)1( −rju  and )1( +rju  of its copy jru  in jC  where the right-hand subscripts are reduced 

modulo 5, for each  ij ≠ . (In fact, )(GDn  may be defined analogously for any graph G ). 
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