
AKCE J. Graphs. Combin., 1, No. 2 (2004), pp. 69-75

TOTAL AND PAIRED-DOMINATION NUMBERS OF A TREE

MUSTAPHA CHELLALI

Department of Mathematics, University of Blida.

B.P. 270, Blida, Algeria.

E-mail: mchellali@hotmail.com

and

TERESAW. HAYNES

Department of Mathematics, East Tennessee State University

Johnson City, TN 37614 USA

E-mail: haynes@mail.etsu.edu

Communicated by: Wayne Goddard
Received : November 13, 2004

Abstract

A set S of vertices is a total dominating set of a graphG if every vertex ofG
is adjacent to some vertex inS . A paired-dominating set ofG is a dominating
set whose induced subgraph has a perfect matching. The minimum cardinality of
a total dominating set (respectively, a paired-dominating set) is the total domina-
tion number γt(G) (respectively, the paired-domination numberγpr(G) ). We
give sharp upper bounds on the total and paired-domination numbers of trees that
improve known bounds for some cases. In particular, we show that for a tree
T with order n ≥ 3 and s support vertices,γpr(T ) 6 γt(T ) + s − 1 ,
γt(T ) ≤ (n + s)/2 , and γpr(T ) ≤ (n + 2s− 1)/2 .
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1. Introduction

Let G = (V,E) be a graph with vertex setV and edge setE . We begin with some
terminology. For a vertexv of a graphG , theopen neighborhoodof a vertexv ∈ V
is N(v) = {u ∈ V | uv ∈ E} and theclosed neighborhoodis N [v] = N(v) ∪ {v} .
Thedegreeof v denoted bydegG(v) , is the number of vertices adjacent tov in G .
A vertex of degree one is called aleaf and its neighbor is asupport vertex. A double
star is a tree with exactly two support vertices. Thecoronaof a graphG is the graph
formed from a copy ofG by attaching for eachv ∈ V , a new vertexv′ and edge
vv′ . In general, thek -coronaof a graphG is the graph of orderk|V (G)| obtained
from G by adding a path of lengthk to each vertex ofG so that the resulting paths
are vertex disjoint.

The domination numberγ(G) is the minimum cardinality of a dominating set of
G . A subsetS of V is a paired-dominating setof G abbreviatedPDS , if S is
a dominating set and the subgraph induced by the vertices ofS contains a perfect
matching. Thepaired-domination numberγpr(G) is the minimum cardinality of a
paired-dominating set. IfS is a paired-dominating set with a perfect matchingM ,
then two verticesvj and vk are said to bepaired in S if the edgevjvk ∈ M . Paired-
domination was introduced by Haynes and Slater [10] and is studied, for example, in
[1, 3, 4, 6, 11, 12, 13, 14, 15].
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A set S ⊆ V is a total dominating setabbreviatedTDS , if every vertex in V
is adjacent to a vertex inS . The total domination numberγt(G) is the minimum
cardinality of a total dominating set ofG . Since every paired-dominating set is a total
dominating set,γ(G) ≤ γt(G) ≤ γpr(G) for every graph with no isolated vertices.
We call a paired (respectively, total) dominating set of minimum cardinality aγpr(G) -
set(respectively,γt(G) -set). For a comprehensive treatment of domination in graphs,
see [7, 8].

The following upper bounds are known.

Theorem 1. (Cockayne, Dawes, and Hedetniemi [5])For any connected graphG of
order n ≥ 3 , γt(G) ≤ 2n/3 .

Theorem 2. (Haynes and Slater [10])For any graph G without isolated vertices,
γpr(G) ≤ 2γ(G) .

Brigham, Carrington, and Vitray [2] characterized the connected graphs that attain
the bound of Theorem 1 as follows.

Theorem 3. (Brigham, et al. [2])Let G be a connected graph of ordern ≥ 3 . Then
γt(G) = 2n/3 if and only if G is C3 , C6 , or the 2-corona of some connected graph.

In this note we show for a treeT of order n ≥ 3 , that γpr(T ) 6 γt(T ) + s − 1 ,
γt(T ) ≤ (n+ s)/2 , and γpr(T ) ≤ (n+2s−1)/2 , wheres is the number of support
vertices ofT . These bounds improve the bounds of Theorems 1 and 2 for some cases.

2. Upper Bounds

Before presenting our main results, we make a couple of straightforward observa-
tions.

Observation 4. If v is a support vertex of a graphG , then v is in everyγpr(G) -set
and in everyγt(G) -set.

Observation 5. For any connected graphG with diameter at least three, there exists
a γt(G) -set that contains no leaves ofG .

For a vertexv in a rooted treeT , we denote byTv the subtree ofT induced by
v and its descendants. We now present the upper bounds.

Theorem 6. If T is a tree of order at least three withs support vertices, then

γt(T ) 6 γpr(T ) 6 γt(T ) + s− 1.

Proof. The lower bound follows from the definition. To establish the upper bound, we
proceed by induction on the order ofT. It is easy to see that the inequality holds for
n ∈ {3, 4, 5} establishing the base case.

Let n > 6 , and assume that for any treeT ′ of order 3 ≤ n′ < n having s′

support vertices,γpr(T ′) 6 γt(T ′) + s′ − 1 . Let T be a tree of ordern with s
support vertices, and letS and D be a γpr(T ) -set and aγt(T ) -set, respectively.
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If T is a star K1,n−1 or a double star, thenγpr(T ) 6 γt(T ) + s − 1 , since
γpr(T ) = γt(T ) = 2 and s− 1 > 0 . Hence we may assumediam(T ) ≥ 4 .

If any support vertex, sayt , of T is adjacent to two or more leaves, then letT ′ be
the tree obtained fromT by removing a leaf adjacent tot . It is a routine matter to
check thatγpr(T ) = γpr(T ′) , γt(T ) = γt(T ′) and s′ = s . Applying the inductive
hypothesis toT ′ , we obtain the desired result. Henceforth, we can assume that every
support vertex ofT is adjacent to exactly one leaf.

We now root the tree at a vertexr of maximum eccentricitydiam(T ) ≥ 4 . Let
u be a support vertex at maximum distance fromr and v be the parent ofu in the
rooted tree. ThendegT (u) = 2 . Let w be the parent ofv and x be the parent of
w . By our choice ofu , every child of v is either a leaf or a support vertex of degree
two. Consider the following three cases:

Case 1.v has a child besidesu , say y , that is a support vertex. By Observation 4,
u and y are in S . Now at most one ofu or y is paired v implying, without loss
of generality, thatu is paired with its leafu′ . Let T ′ = T − Tu . Since y ∈ S ,
S ∩ T ′ is a PDS ofT ′ , and soγpr(T ′) 6 γpr(T ) − 2 . On the other hand, every
γpr(T ′) -set can be extended to a PDS ofT by adding the verticesu and u′ . Thus,
γpr(T ) 6 γpr(T ′) + 2 , and hence,γpr(T ) = γpr(T ′) + 2 . By Observations 4 and
5, we know that there exists aγt(T ′) -set D′ containingv and y . Hence,D′ ∪ {u}
is a TDS of T and γt(T ) ≤ γt(T ′) + 1 . Since everyγt(T ) -set containsv , y , and
u , it follows that D ∩ V (T ′) is a TDS of T ′ , and so,γt(T ′) ≤ γt(T ) − 1 . Thus,
γt(T ′) = γt(T ) − 1 and s′ = s − 1 . Applying the inductive hypothesis toT ′ , we
haveγpr(T ′) 6 γt(T ′)+s′−1. Therefore,γpr(T )−2 6 (γt(T )−1)+(s− 1)−1 ,
and hence,γpr(T ) 6 γt(T ) + s− 1 .

Case 2. v is a support vertex and has no child besidesu of degree two. Let
T ′ = T −Tv. If T ′ is reduced to a pathP2 , then T is a corona and the result is valid.
Thus assume thatT ′ has order at least three. Thenγpr(T ) 6 γpr(T ′)+2 and s−2 6
s′ 6 s− 1 . By Observation 4,u and v are in D . Now, if (N(w)− {v}) ∩D 6= ∅ ,
then D − {u, v} is a TDS of T ′ . If (N(w)− {v}) ∩ D = ∅ , then (D ∪ {x}) −
{u, v} is a TDS of T ′ (since x is adjacent to at least one vertex ofD ). Thus,
γt(T ′) 6 γt(T ) − 1 . Applying the inductive hypothesis toT ′ , we haveγpr(T ′) 6
γt(T ′) + s′ − 1 . Hence,γpr(T ) − 2 6 (γt(T )− 1) + (s− 1) − 1 , and therefore,
γpr(T ) 6 γt(T ) + s− 1 .

Case 3. v has no child besidesu , that is, degT (v) = 2 . Suppose first that
degT (w) > 3 , and let T ′ = T − Tv . Then s′ = s − 1 . Any γpr(T ′) -set can
be extended to PDS ofT by adding u and v , and so, γpr(T ) 6 γpr(T ′) + 2 .
Furthermore, by Observations 4 and 5, we may assume thatu and v ∈ D . Now, if
(N(w)− {v})∩D 6= ∅ , then D−{u, v} is a TDS ofT ′ . If (N(w)− {v})∩D = ∅ ,
then (D ∪ {x})− {u, v} is a TDS of T ′ . Thus, γt(T ′) 6 γt(T )− 1 . Applying the
inductive hypothesis toT ′ , we obtain the desired inequality.

Next suppose thatdegT (w) = 2 , and let T ′ = T − Tw . If T ′ ∈ {P1, P2} , then
T ∈ {P5, P6} and the inequality holds. Thus assume thatT ′ has order at least three.
Then s − 1 6 s′ 6 s . Since anyγpr(T ′) -set can be extended to aγpr(T ) -set by
adding u and v , γpr(T ) 6 γpr(T ′) + 2 . Also by Observations 4 and 5, we may
assume thatu and v are in D . Furthermore, we can chooseD such thatw 6∈ D .
To see this assume thatw ∈ D . If x ∈ D , then the minimality ofD implies that



72 TOTAL AND PAIRED-DOMINATION NUMBERS OF A TREE

(N(x) − {w}) ∩ D = ∅ . Hence we can substitute a neighbor ofx for w in D .
If x 6∈ D , then (N(x) − {w}) ∩ D = ∅ , for otherwise,D − {w} is a TDS of T
with cardinality less thanγ(T ) , a contradiction. Again we can substitute a neighbor
of x for w in D . Hence,D ∩ V (T ′) is a TDS of T ′ , and soγt(T ′) ≤ γt(T )− 2 .
Applying the inductive hypothesis toT ′ , we obtainγpr(T ) 6 γt(T ) + s− 1 .

From Theorem 2, we have thatγpr(T ) 6 2γ(T ) for any non-trivial tree. This upper
bound and the upper bound of Theorem 6 are sharp. For example, both upper bounds
are attained by stars and subdivided stars where each edge is subdivided exactly once.
The treesT having γpr(T ) = 2γ(T ) are characterized in [9]. We note that2γ(T )
and γt(T ) + s − 1 are incomparable. First, the difference2γ(T ) − (γt(T ) + s− 1)
can be arbitrarily large as can be seen with a caterpillarT , where T has k ≥ 2
support vertices each adjacent to exactly one leaf and the distance between every pair
of consecutive support vertices is four. Thenγ(T ) = 2k − 1 , γt(T ) = 2k , and
s = k . In fact, the difference2γ(T ) − (γt(T ) + s− 1) can be arbitrarily large even
when γpr(T ) = γt(T ) + s− 1 as can be seen with the following treeHk . Let Hk ,
k ≥ 2 , be the tree formed from a starK1,k+1 by subdividing one of its edges exactly
once and each of the otherk + 1 edges thirteen times. (Alternately,Hk is formed
from P2 ∪ kP14 by adding a new vertexv and k + 1 edges such thatv is adjacent
to a leaf of each of the paths.) For example, the treeH3 is illustrated in Figure 1.
Then γ(Hk) = 5k + 1 , s = k + 1 , γt(Hk) = 7k + 2 , and γpr(Hk) = 8k + 2 =
γt(Hk) + s− 1 < 2γ(Hk) .
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Figure 1: The treeH3 .

On the other hand, the difference(γt(T ) + s− 1) − 2γ(T ) can also be infinitely
large even whenγpr(T ) = 2γ(T ) . Let Tk for k ≥ 1 be the tree formed from a
path on 3k − 1 vertices labeledv1, v2, ..., v3k−1 by attaching a path of length one
to each vertex labeledvi where i ≡ 1 (mod 3) and a path of length three to each
vertex vj where j ≡ 2 (mod 3) . See Figure 2 for an example ofT4 . For Tk ,
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γpr(Tk) = 4k = 2γ(Tk) , γt(Tk) = 4k , and s = 2k . Thus, (γt(Tk) + s − 1) −
2γ(Tk) = 2k − 1 < γt(Tk) + s− 1 .
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Figure 2: The treeT4 .

Theorem 7. If T is a tree of ordern > 3 with s support vertices, then

(a) γt(T ) 6 (n + s)/2 ,

(b) γpr(T ) ≤ (n + 2s− 1)/2 ,

and these bounds are sharp.

Proof. We proceed by induction on the ordern . It is a routine matter to check that the
result is valid if diam(T ) ∈ {2, 3} , establishing the base case.

Assume that every treeT ′ of order 3 ≤ n′ < n with s′ support vertices satisfies
γt(T ′) 6 (n′ + s′)/2 and γpr(T ′) ≤ (n′ + 2s′ − 1)/2 . Let T be a tree of ordern
with s support vertices.

We now rootT at a vertexr of maximum eccentricitydiam(T ) > 4 . Let u be
a support vertex at maximum distance fromr and v its parent in the rooted tree. We
consider the following two cases.

Case 1. degT (v) > 3 . Then eitherv is a support vertex ofT or v has a child
besidesu as a support vertex. LetT ′ = T −Tu . Clearly, n′ = n−(|N [u]|−1) > 3 ,
and s′ = s− 1 . Observations 4 and 5 imply that there is aγt(T ′) -set S′ containing
v . Thus, S′ ∪{u} is a total dominating set ofT , implying that γt(T ) 6 γt(T ′)+1 .
Also, any γpr(T ′) -set can be extended to a PDS ofT by addingu and an adjacent
leaf, so γpr(T ) ≤ γpr(T ′) + 2 . Applying the inductive hypothesis toT ′ , it follows
that

γt(T ) 6 γt(T ′) + 1 6 (n′ + s′)/2 + 1 6 (n + s)/2

and

γpr(T ) 6 γpr(T ′) + 2 6 (n′ + 2s′ − 1)/2 + 2 6 (n + 2s− 1)/2.

Case 2. degT (v) = 2 . Since diam(T ) > 4 , let w be the parent ofv in the
rooted tree.
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First, assume thatdegT (w) > 3 . Let T ′ = T −Tv. Then n′ = n− (|N [u]|) > 3 ,
and s′ = s − 1 . Also every γt(T ′) -set (respectively,γpr(T ′) -set) can be extended
to a TDS (respectively, PDS) by adding the verticesu and v , and hence,γt(T ) 6
γt(T ′) + 2 and γpr(T ) ≤ γpr(T ′) + 2 . Applying the inductive hypothesis toT ′ , we
obtain

γt(T ) 6 γt(T ′) + 2 6 (n′ + s′)/2 + 2 6 (n + s)/2

and

γpr(T ) 6 γpr(T ′) + 2 6 (n′ + 2s′ − 1)/2 + 2 6 (n + 2s− 1)/2.

Second, suppose thatdegT (w) = 2 . Let T ′ = T − Tw . It can be seen that the
result is valid if T ′ has order one or two. So assume thatn′ = n− (|N [v]|+ 1) > 3 .
Then s′ 6 s , γt(T ) 6 γt(T ′) + 2 , and γpr(T ) 6 γpr(T ′) + 2 . Applying the
inductive hypothesis toT ′ , we obtain the desired inequality.

That the bound of (a) is sharp can be seen by the2 -corona of a tree of orderk ,
where n = 3k , s = k , and γt(T ) = 2k = (n + s)/2 . The bound of (b) is obtained
by the treesT formed from a starK1,k by subdividing each edge of the star exactly
five times. Here,n = 6k + 1 , s = k , and γpr(T ) = 4k = (n + 2s− 1)/2 .

We note the upper bounds onγt(T ) of Theorems 1 and 7(a) are both sharp for
the 2-corona of a tree. By Theorem 3, these are the only trees achieving the bound of
Theorem 1. Our new bound is sharp for other families and is an improvement over the
known bound on the total domination number whens < n/3 .

Also, note that the bound onγpr(T ) of Theorem 7(b) beats the known upper bound
of 2γ(T ) of Theorem 2 in some cases. For example, the bound of Theorem 7(b) is
sharp for the treesHk shown in Figure 1 where the difference in the two bounds is
arbitrarily large.
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