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Abstract

The degree seD(G) of a graphG s the set of degrees off . For a finite,
non-empty setS of non-negative integers, we show that there exists a discon-
nected graphG such thatD(G) = S, and determine the minimum order of such
graphs. In addition, we investigate degree setsieconnected graphsk -edge
connected graphs, unicyclic graphs and maxihatlegenerate graphs.

Keywords: degree set; -connected graphsk -edge connected graphs, unicyclic
graphs,maximak -degenerate graphs .

1.Introduction

All graphs considered here are finite, undirected, without loops and without multiple
edges. We denote the vertex-set, and the edge-set of a gfdph V' (G) and E(G),
respectively. We lelG denote the complement @ . Thegirth of G is the length of
a shortest cycle inG . For any two disjoint graphss and H, GU H, G + H, and
G o H denote theunion thesumand thecoronaof G and H , respectively, as defined
in [1]. For any connected grapty, we write kG for the graph withk components,
each component being isomorphic . Thedegree setD(G) of a graphG is the
set of degrees of the vertices @ . For a finite, nonempty sef of non-negative
integers, we shall writg.(.S) to represent the minimum order of a gragh such that
D(G)=S.If S={ay,a2,...,an,},Wheren >1 and0<a; <az <...<ay,,
then it will be convenient to writeu(S) as simply p(aq, az,...,a,). Since every
graph which contains a vertex of degreg has order at least,, + 1, it follows that
wlar,as,...,an) > ap + 1.

Kapoor et al [2] studied degree sets for connected graphs, trees, planar and out-
erplanar graphs. In this paper, we show that for a given finite nonempty set
non-negative integers, there exists a disconnected gfaglich thatD(G) = S, and
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also the minimum order of such a graph is determined. Moreover, we study the degree
sets for k -connected graphs; -edge connected graphs, unicyclic graphs and maximal
k -degenerate graphs and obtain their minimum orders.

2. Disconnected graphs

Let us recall the following result of [2] for our later use.

Theorem 2.1. For every setS = {ai,as,...,a,},n > 1, of integers with1l <
a; < ag < ... < a,, there exists a connected gragh of order a,, + 1 such that
D(G)=S.

On the basis of above result, we introduce the following definition. et
{ay,as,...,a,}, n > 1, be a set of positive integers such that< a; < ay <
co. < an . Then pg.(S) = pac(as, as,. .., a,) denotes the minimum order of a dis-
connected graplG for which D(G) = S'. The value ofuq.(S) for n =1 is stated
as follows:

Theorem 2.2. Let a be a non-negative integer. Then.(a) = 2(a + 1) .

Theorem 2.3. For every setS = {aq,a2,...,a,},n > 2, of non-negative integers
with a1 < ag < ... < a, , there exists a disconnected graph G such thetz) = 5.
Moreover, p14.(S) = a1 + a, + 2.

Proof. For n = 2, we observe that the grapR,, +1 U K,,+1 is disconnected of the
least order such that its degree sefSis so thatuq.(S) = a; + a2 + 2. Forn = 3,

the graphF = K,, 1 U{K,, + Ka,_a,+1} is disconnected and satisfy the required
property. MoreoverF' has the smallest possible order+as;+2 , so we conclude that
tac(S) = a1 +as+ 2. Forn > 4, in view of Theorem 2.1, there exists a connected
graph H of the minimum orderu(as — ag, a4 —azg, ..., ap—1 —a2) = ap_1 —as+1
such that D(H) = {a3 — as,a4 — aa,...,an—1 — a2} . Consequently, the graph
G =Ky 1U{Ks +(Kqa, o, ,UH)} isdisconnected such thd(G) = S . Since

G has ordera; + a, + 2 and is the smallest desired graph satisfying the required
property, it follows thatug. (a1, az, ... ,a,) = a1 + an + 2. O

3. k-Connected (k-edge connected) graphs

We now consider the important subclasses of graphs, namelgnnected graphs
and k -edge connected graphs, and we present results dealing with the degree sets
and their minimum orders. Recall that a graph is k-connectedresp. k-edge
connectellif the removal of less thark vertices (resp.k edges) fromG results in a
connected graph.

Theorem 3.1. Let S = {a;,a2,...,a,}, n > 1, be a set of integers with < a; <
as < ... < a, . Then there exists & -connected (respk -edge connected) grapt¥
with D(G) = S ifand only if a; > k. Moreover, ifa; > k&, then the minimum order
of a k -connected (respk -edge connected) grapy’ with D(G) =S is a, + 1.

Proof. SupposeG is a k-connected (resp. k-edge connected) graph such that
D(G)=S.Thendé(G) > k, and hencen; > k.
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Conversely, leta; > k. We give an example of & -connected (resp.k -edge
connected) graplz of order a,, + 1 such thatD(G) = S. To follow the inductive
process, we first observe that far= 1, the graphK,, +; has the required property.
Also for n = 2, the k -connected and: -edge connected grapK,, + Ka,—a;+1
satisfies again the desired property. Foe> 3, in view of Theorem 2.1, there exists
a connected grapti{ of order a,,_1 — a; + 1 such thatD(H) = {as — a1,a3 —
ai,...,an—1 — a}. Consequently, the grapty = K,, + {K., o, , U H} is
k -connected and: -edge connected witth(G) = S and has orden,, + 1. O

4. Unicyclic graphs

We now turn our attention to the unicyclic graphs (i.e., connected graphs containing
precisely one cycle).

Theorem 4.1. For every setS = {aj,a2} of integers withl < a; < as, there
exists an unicyclic graph G wittD(G) = S ifand only if a; = 1 and a; > 3.
Furthermore, ifa; = 1, and ay > 3, the minimum order of an unicyclic graph G
with D(G) = S is 3(az — 1).

Proof. Obvious and hence it is omitted. O

Theorem 4.2. Let S = {aq,a2,...,a,},n > 3, be a set of integers with < a; <
as < ... < ay . Then there exists an unicyclic graght with D(G) = S if and only
if ayp = 1.

Proof. Necessary part is obvious.

Sufficiency: Supposes = {a;,as,...,a,},n > 3, is a set of positive integers
with 1 =a; <ay <...<a,.If n=23,then we shall construct an unicyclic graph
G with the girth 3 andD(G) = S as follows: Consider a trianglé&’s whose vertex
setis {vy,v2,v3}, and then adjoiry —2, a3 — 2 and ay —2 end-edges, respectively,
at vy, v and vz . Obviously, i, (S) = 2as+a3—3. For n > 4, an unicyclic (p, q)
graph G with D(G) = S contains at least one vertex of degregfor 2 < i < n,
and the remainingg — (n — 1) vertices are each of degree at ledst a; , and we
have

2p = 2q

Y

p—(n—1)+ Z a;
=2
orpz= Z(ai —-1)
=1
Hence, f14,c(S) > > i1 (a; — 1)

We now give our unicyclic graphgs,, having this minimum number of vertices
with D(G,) = S. If n = 4, then consider a trianglg<s whose vertex set is
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{v1,v2,v3}, and then adjoinuy — 2,a3 — 2 and ay — 2 end-edges, respectively, at
v1,v2 andvs . Since G4 is the smallest required graph with(G4) = S, we have

tuc(S) = 3+ (aa —2) + (a3 — 2) + (ag — 2)
4

= Z(ai — 1).

i=1

Next, we proceed by induction on. Assume that the result is true for all < m
wherem > 4. Let n =m+1. Then S = {ay,as,...,am41} = S"U{ams1},
where S = {ay,as,...,a,}. By induction hypothesis, there exists an unicyclic
graph G, with f,.(S") = >, (a; — 1) and degree seb’. The unicyclic graph
Gm+1 IS Obtained fromG,,, by adjoining a.,+1 — 1 end-edges at a vertex of degree
1 of G, has orderzg'jll(ai — 1) and degree set . Thus the result holds for all
n. O]

In view of the above theorem, we introduce the following notion. Let=
{a1,a2,...,a,}, n > 3, be a set of integers with = a1 < az < ... < a, . Then
1ue(S) denotes the minimum order of an unicyclic graphfor which D(G) = S'.

In Theorem 4.2, the value gi,.(S) is as follows:

(S) = 2a9 +a, —3 for n=3
Huel2) = s (ai—1) for n>4

5. k-Degenerate graphs

In 1970, Lick and White [3] introduced the concept of k-degenerate graphs] .
A graph G is said to bek-degenerat# every induced subgrapli/ of G satisfies the
inequality 0(H) < k.

In the following, we first state a result of [2] for immediate use.

Theorem 5.1. Let S = {a1,a2,...,a,}, n > 1, be a set of positive integers with
a1 < az < ...<a,. Then there exists a planar graph G witi(G) = S if and only
if al S 5.

Theorem 5.2. Let S = {a1,a2,...,a,}, n > 1, be a set of positive integers with
a1 < as < ... < a, . Then there exists a connected, k-degenerate gi@ph > 5,
suchthatD(G) = S ifand only ifa; < k.

Proof. Necessity is obvious.

Sufficiency: If a; = k for & = 5, then by Theorem 5.1, there exists a connected
planar graphG which is 5-degenerate such th&t(G) = S. Now, for a; = k =
i+ 1 for i = 5,6,...,k — 1, we construct a connected, k-degenerate gréph
with D(Gy) = S by the following recursive method. LeH,; be a connected, i-
degenerate graph far= 5 such thatD(H;) = {a1, as,...,a,}, wherea; =i and
as > i+ 1. Denote the vertices of degreg in H; by uj,us, ..., upy, m > 1.
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Let H/ be another identical copy aoff; so that the vertex:; of H/ corresponds to
the vertexwu; of H;. Then a connectedi + 1) -degenerate graphy;, results by
joining u; and v’ foreachj = 1,2,...,m. Note that the minimum degree among
the vertices ofG; ;1 iSay =i+ 1. O

In view of Theorem 5.2, we can make the following definition. L&t =
{a1,az2,...,a,}, n > 1, be a set of positive integers with; < as < ... < a,
anda; < k and k > 5. Then puq(S) denotes the minimum order of a connected,
k- degenerate graple: for which D(G) = S. Forn =1, pra(S) = a1 + 1 for
ay <k, since the(a; + 1) -clique has the degree sét; } . However, for an arbitrary
set S of positive integers, it appears to be hard to assertain the valpg 4f5) .

A k-degenerate graplty is calledmaximal k-degeneratéf for every edgee €

E(G),G + e is not k-degenerate. We recall two lemmas of [4] for our later use.

Lemma 5.3. Let G be a maximal k-degenerate graph of order> k + 1. ThenG
is k-connected and it hasp — 1k(k + 1) edges.

Lemma 5.4. Let G be a graph of order at leask + 1. Then G is maximal k-
degenerate if and only iy contains a vertexy of degreek and G — v is maximal
k-degenerate.

Theorem 5.5. Let S = {a1,...,a,}, 1 < n <2, be a set of positive integers with
a1 < ag. Then there exists a maximal k-degenerate gr@phwith D(G) = S if
and only if a; = k. Moreover, if a; = k, then the minimum order of a maximal
k-degenerate graplt with D(G) =S is a,, + 1.

Proof. Necessary part follows from Lemma 5.3 and the definition of k-degenerate
graphs.

Sufficiency: Supposes = {ai,...,an},1 < n < 2, is a set of positive integers
such thatk = a1 < ae. The graphsKy; and Kj + K, _x+1 are maximal k-
degenerate graphs for = 1 and n = 2, respectively, and have required property.

Now, supposeG is any maximal k-degenerate graph wit(G) = {a1,...,a,}
with a; = k. Since A(G) = a,, G has at leasta,, + 1 vertices. The maximal
k-degenerate graphs given above have this minimum number of vertices. O

Theorem 5.6. Let S = {aj,as,...,a,}, n > 3, be a set of positive integers such
that a1 < a2 < ... < a, . Then there exists a maximal k-degenerate graptwith
D(G) = S ifand only if a; = k and ay > 2k — 1. Moreover, ifa; = k and
as > 2k — 1, then the minimum order of a maximal k-degenerate grd@phwith
D(G)=Sis > (a;—k)+k+1.

Proof. SupposeG is a maximal k-degenerate graph wilh(G) = S. Then G con-
tains a vertex of degreé . Hence,a; = k. With the aid of Lemma 5.4, it is easy
to see that a grapli/(az) = K4, + Ka,_a,+1 having degree sefa;,a»} is maxi-
mal k-degenerate, and contains at leastertices of degreé: if and only if a; = k
and as > 2k — 1. We proceed by induction on . For n = 3, we now construct a
maximal k-degenerate grapf(a3) having degree sef by the following recursive
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method: G(as3) is constructed fromG(az) by addingas — k new vertices, and join-
ing each of these to every vertex,1 < i < k, of degreek in G(ay). Clearly, all

as — k newly added vertices are of degréein G(a3) and alsoas > 2k. Conse-
quently, there are at leagt vertices of degreé: in G(as). Let n > 4. Assume that
the result is true for alln < n. Next, form a maximal k-degenerate gragh(a,,)
from G(a,—1) by addinga,, — k£ new vertices, and joining each of these vertices to
every vertexv;,1 < i < k, of degreek in G(a,—1). Hence the result follows by
induction for all values ofn. . Further, the maximal k-degenerate graffa,,) given
above has the minimum number of vertic®3, ,(a; — k) + k+ 1. O
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