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Abstract

The degree setD(G) of a graphG is the set of degrees ofG . For a finite,
non-empty setS of non-negative integers, we show that there exists a discon-
nected graphG such thatD(G) = S , and determine the minimum order of such
graphs. In addition, we investigate degree sets fork -connected graphs,k -edge
connected graphs, unicyclic graphs and maximalk -degenerate graphs.
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graphs,maximalk -degenerate graphs .

1.Introduction

All graphs considered here are finite, undirected, without loops and without multiple
edges. We denote the vertex-set, and the edge-set of a graphG by V (G) and E(G) ,
respectively. We letG denote the complement ofG . Thegirth of G is the length of
a shortest cycle inG . For any two disjoint graphsG and H , G ∪H, G + H, and
G◦H denote theunion, thesumand thecoronaof G and H , respectively, as defined
in [1]. For any connected graphG , we write kG for the graph withk components,
each component being isomorphic toG . Thedegree setD(G) of a graphG is the
set of degrees of the vertices ofG . For a finite, nonempty setS of non-negative
integers, we shall writeµ(S) to represent the minimum order of a graphG such that
D(G) = S . If S = {a1, a2, . . . , an} , where n ≥ 1 and 0 ≤ a1 < a2 < . . . < an ,
then it will be convenient to writeµ(S) as simply µ(a1, a2, . . . , an) . Since every
graph which contains a vertex of degreean has order at leastan + 1 , it follows that
µ(a1, a2, . . . , an) ≥ an + 1 .

Kapoor et al [2] studied degree sets for connected graphs, trees, planar and out-
erplanar graphs. In this paper, we show that for a given finite nonempty setS of
non-negative integers, there exists a disconnected graphG such thatD(G) = S , and
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also the minimum order of such a graph is determined. Moreover, we study the degree
sets fork -connected graphs,k -edge connected graphs, unicyclic graphs and maximal
k -degenerate graphs and obtain their minimum orders.

2. Disconnected graphs

Let us recall the following result of [2] for our later use.

Theorem 2.1. For every setS = {a1, a2, . . . , an}, n ≥ 1 , of integers with1 ≤
a1 < a2 < . . . < an , there exists a connected graphG of order an + 1 such that
D(G) = S .

On the basis of above result, we introduce the following definition. LetS =
{a1, a2, . . . , an}, n ≥ 1 , be a set of positive integers such that0 ≤ a1 < a2 <
. . . < an . Then µdc(S) = µdc(a1, a2, . . . , an) denotes the minimum order of a dis-
connected graphG for which D(G) = S . The value ofµdc(S) for n = 1 is stated
as follows:

Theorem 2.2. Let a be a non-negative integer. Thenµdc(a) = 2(a + 1) .

Theorem 2.3. For every setS = {a1, a2, . . . , an}, n ≥ 2 , of non-negative integers
with a1 < a2 < . . . < an , there exists a disconnected graph G such thatD(G) = S .
Moreover,µdc(S) = a1 + an + 2 .

Proof. For n = 2 , we observe that the graphKa1+1 ∪Ka2+1 is disconnected of the
least order such that its degree set isS , so thatµdc(S) = a1 + a2 + 2 . For n = 3 ,
the graphF = Ka1+1 ∪ {Ka2 + Ka3−a2+1} is disconnected and satisfy the required
property. Moreover,F has the smallest possible ordera1+a3+2 , so we conclude that
µdc(S) = a1 + a3 + 2 . For n ≥ 4 , in view of Theorem 2.1, there exists a connected
graphH of the minimum orderµ(a3−a2, a4−a2, . . . , an−1−a2) = an−1−a2 +1
such thatD(H) = {a3 − a2, a4 − a2, . . . , an−1 − a2} . Consequently, the graph
G = Ka1+1∪{Ka2 +(Kan−an−1 ∪H)} is disconnected such thatD(G) = S . Since
G has ordera1 + an + 2 and is the smallest desired graph satisfying the required
property, it follows thatµdc(a1, a2, . . . , an) = a1 + an + 2 .

3. k-Connected (k-edge connected) graphs

We now consider the important subclasses of graphs, namelyk -connected graphs
and k -edge connected graphs, and we present results dealing with the degree sets
and their minimum orders. Recall that a graphG is k -connected(resp. k -edge
connected) if the removal of less thank vertices (resp.k edges) fromG results in a
connected graph.

Theorem 3.1. Let S = {a1, a2, . . . , an}, n ≥ 1 , be a set of integers with1 ≤ a1 <
a2 < . . . < an . Then there exists ak -connected (resp.k -edge connected) graphG
with D(G) = S if and only if a1 ≥ k . Moreover, if a1 ≥ k , then the minimum order
of a k -connected (resp.k -edge connected) graphG with D(G) = S is an + 1 .

Proof. SupposeG is a k -connected (resp. k -edge connected) graph such that
D(G) = S . Then δ(G) ≥ k , and hencea1 ≥ k .
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Conversely, leta1 ≥ k . We give an example of ak -connected (resp.k -edge
connected) graphG of order an + 1 such thatD(G) = S . To follow the inductive
process, we first observe that forn = 1 , the graphKa1+1 has the required property.
Also for n = 2 , the k -connected andk -edge connected graphKa1 + Ka2−a1+1

satisfies again the desired property. Forn ≥ 3 , in view of Theorem 2.1, there exists
a connected graphH of order an−1 − a1 + 1 such thatD(H) = {a2 − a1, a3 −
a1, . . . , an−1 − a1} . Consequently, the graphG = Ka1 + {Kan−an−1 ∪ H} is
k -connected andk -edge connected withD(G) = S and has orderan + 1 .

4. Unicyclic graphs

We now turn our attention to the unicyclic graphs (i.e., connected graphs containing
precisely one cycle).

Theorem 4.1. For every setS = {a1, a2} of integers with1 ≤ a1 < a2 , there
exists an unicyclic graph G withD(G) = S if and only if a1 = 1 and a2 ≥ 3 .
Furthermore, if a1 = 1 , and a2 ≥ 3 , the minimum order of an unicyclic graph G
with D(G) = S is 3(a2 − 1) .

Proof. Obvious and hence it is omitted.

Theorem 4.2. Let S = {a1, a2, . . . , an}, n ≥ 3 , be a set of integers with1 ≤ a1 <
a2 < . . . < an . Then there exists an unicyclic graphG with D(G) = S if and only
if a1 = 1 .

Proof. Necessary part is obvious.

Sufficiency: SupposeS = {a1, a2, . . . , an}, n ≥ 3 , is a set of positive integers
with 1 = a1 < a2 < . . . < an . If n = 3 , then we shall construct an unicyclic graph
G with the girth 3 andD(G) = S as follows: Consider a triangleK3 whose vertex
set is{v1, v2, v3} , and then adjoina2−2, a3−2 and a2−2 end-edges, respectively,
at v1, v2 and v3 . Obviously,µuc(S) = 2a2 +a3−3 . For n ≥ 4 , an unicyclic(p, q)
graph G with D(G) = S contains at least one vertex of degreeai for 2 ≤ i ≤ n ,
and the remainingp − (n − 1) vertices are each of degree at least1 = a1 , and we
have

2p = 2q

≥ p− (n− 1) +
n∑

i=2

ai

or p ≥
n∑

i=1

(ai − 1)

Hence,µuc(S) ≥
∑n

i=1(ai − 1)

We now give our unicyclic graphsGn having this minimum number of vertices
with D(Gn) = S . If n = 4 , then consider a triangleK3 whose vertex set is
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{v1, v2, v3} , and then adjoina2 − 2, a3 − 2 and a4 − 2 end-edges, respectively, at
v1, v2 and v3 . SinceG4 is the smallest required graph withD(G4) = S , we have

µuc(S) = 3 + (a2 − 2) + (a3 − 2) + (a4 − 2)

=
4∑

i=1

(ai − 1).

Next, we proceed by induction onn . Assume that the result is true for alln ≤ m ,
where m ≥ 4 . Let n = m + 1 . Then S = {a1, a2, . . . , am+1} = S′ ∪ {am+1} ,
where S′ = {a1, a2, . . . , am} . By induction hypothesis, there exists an unicyclic
graph Gm with µuc(S′) =

∑m
i=1(ai − 1) and degree setS′ . The unicyclic graph

Gm+1 is obtained fromGm by adjoining am+1 − 1 end-edges at a vertex of degree
1 of Gm has order

∑m+1
i=1 (ai − 1) and degree setS . Thus the result holds for all

n .

In view of the above theorem, we introduce the following notion. LetS =
{a1, a2, . . . , an}, n ≥ 3 , be a set of integers with1 = a1 < a2 < . . . < an . Then
µuc(S) denotes the minimum order of an unicyclic graphG for which D(G) = S .

In Theorem 4.2, the value ofµuc(S) is as follows:

µuc(S) =

{
2a2 + an − 3 for n = 3∑n

i=1(ai − 1) for n ≥ 4

5. k-Degenerate graphs

In 1970, Lick and White [3] introduced the concept of k-degenerate graphs,k ≥ 1 .
A graph G is said to bek-degenerateif every induced subgraphH of G satisfies the
inequality δ(H) ≤ k .

In the following, we first state a result of [2] for immediate use.

Theorem 5.1. Let S = {a1, a2, . . . , an}, n ≥ 1 , be a set of positive integers with
a1 < a2 < . . . < an . Then there exists a planar graph G withD(G) = S if and only
if a1 ≤ 5 .

Theorem 5.2. Let S = {a1, a2, . . . , an}, n ≥ 1 , be a set of positive integers with
a1 < a2 < . . . < an . Then there exists a connected, k-degenerate graphG, k ≥ 5 ,
such thatD(G) = S if and only if a1 ≤ k .

Proof. Necessity is obvious.

Sufficiency: If a1 = k for k = 5 , then by Theorem 5.1, there exists a connected
planar graphG which is 5-degenerate such thatD(G) = S . Now, for a1 = k =
i + 1 for i = 5, 6, . . . , k − 1 , we construct a connected, k-degenerate graphGk

with D(Gk) = S by the following recursive method. LetHi be a connected, i-
degenerate graph fori = 5 such thatD(Hi) = {a1, a2, . . . , an} , wherea1 = i and
a2 > i + 1 . Denote the vertices of degreea1 in Hi by u1, u2, . . . , um, m ≥ 1 .
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Let H ′
i be another identical copy ofHi so that the vertexu′i of H ′

i corresponds to
the vertexui of Hi . Then a connected(i + 1) -degenerate graphGi+1 results by
joining uj and u′j for each j = 1, 2, . . . ,m . Note that the minimum degree among
the vertices ofGi+1 is a1 = i + 1 .

In view of Theorem 5.2, we can make the following definition. LetS =
{a1, a2, . . . , an}, n ≥ 1 , be a set of positive integers witha1 < a2 < . . . < an

and a1 ≤ k and k ≥ 5 . Then µkd(S) denotes the minimum order of a connected,
k- degenerate graphG for which D(G) = S . For n = 1 , µkd(S) = a1 + 1 for
a1 ≤ k , since the(a1 + 1) -clique has the degree set{a1} . However, for an arbitrary
set S of positive integers, it appears to be hard to assertain the value ofµkd(S) .

A k-degenerate graphG is calledmaximal k-degenerate, if for every edgee ∈
E(G), G + e is not k-degenerate. We recall two lemmas of [4] for our later use.

Lemma 5.3. Let G be a maximal k-degenerate graph of orderp ≥ k + 1 . Then G
is k-connected and it haskp− 1

2k(k + 1) edges.

Lemma 5.4. Let G be a graph of order at leastk + 1 . Then G is maximal k-
degenerate if and only ifG contains a vertexv of degreek and G − v is maximal
k-degenerate.

Theorem 5.5. Let S = {a1, . . . , an}, 1 ≤ n ≤ 2 , be a set of positive integers with
a1 < a2 . Then there exists a maximal k-degenerate graphG with D(G) = S if
and only if a1 = k . Moreover, if a1 = k , then the minimum order of a maximal
k-degenerate graphG with D(G) = S is an + 1 .

Proof. Necessary part follows from Lemma 5.3 and the definition of k-degenerate
graphs.

Sufficiency: SupposeS = {a1, . . . , an}, 1 ≤ n ≤ 2 , is a set of positive integers
such thatk = a1 < a2 . The graphsKk+1 and Kk + Kan−k+1 are maximal k-
degenerate graphs forn = 1 and n = 2 , respectively, and have required property.

Now, supposeG is any maximal k-degenerate graph withD(G) = {a1, . . . , an}
with a1 = k . Since ∆(G) = an , G has at leastan + 1 vertices. The maximal
k-degenerate graphs given above have this minimum number of vertices.

Theorem 5.6. Let S = {a1, a2, . . . , an}, n ≥ 3 , be a set of positive integers such
that a1 < a2 < . . . < an . Then there exists a maximal k-degenerate graphG with
D(G) = S if and only if a1 = k and a2 ≥ 2k − 1 . Moreover, if a1 = k and
a2 ≥ 2k − 1 , then the minimum order of a maximal k-degenerate graphG with
D(G) = S is

∑n
i=1(ai − k) + k + 1 .

Proof. SupposeG is a maximal k-degenerate graph withD(G) = S . Then G con-
tains a vertex of degreek . Hence,a1 = k . With the aid of Lemma 5.4, it is easy
to see that a graphG(a2) = Ka1 + Ka2−a1+1 having degree set{a1, a2} is maxi-
mal k-degenerate, and contains at leastk vertices of degreek if and only if a1 = k
and a2 ≥ 2k − 1 . We proceed by induction onn . For n = 3 , we now construct a
maximal k-degenerate graphG(a3) having degree setS by the following recursive
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method: G(a3) is constructed fromG(a2) by addinga3 − k new vertices, and join-
ing each of these to every vertexui, 1 ≤ i ≤ k , of degreek in G(a2) . Clearly, all
a3 − k newly added vertices are of degreek in G(a3) and alsoa3 ≥ 2k . Conse-
quently, there are at leastk vertices of degreek in G(a3) . Let n ≥ 4 . Assume that
the result is true for allm < n . Next, form a maximal k-degenerate graphG(an)
from G(an−1) by addingan − k new vertices, and joining each of these vertices to
every vertexvi, 1 ≤ i ≤ k , of degreek in G(an−1) . Hence the result follows by
induction for all values ofn . Further, the maximal k-degenerate graphG(an) given
above has the minimum number of vertices

∑n
i=1(ai − k) + k + 1 .
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