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Abstract

In the case where errors are correlated depending on the closeness of the ex-
periments, the optimality of multilevel orthogonal arrays is discussed and some
advantages of linear orthogonal arrays are also given.
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1. Preliminaries

In time series analysis or spatial data analysis, correlated data are often treated (see,
for example, Bennet [1] and Upton and Fingleton [11]). Similarly, in factorial experi-
ments, the “closeness” (resemblance) of experiments is supposed to cause the correla-
tion between observations. Several known results on this subject are due to Cheng [3],
Jimbo [4], Kiefer [5], Kiefer and Wynn [6] and Mishimet al. [9]. Kiefer [5] intro-
duced a general notion of optimality. Kiefer and Wynn [6] discussed the optimality of
balanced incomplete block designs and Latin square (or Latin hypercube) designs for
correlated observations, and gave several constructions for the optimum designs (see
also Cheng [3]). Jimbo [4] provided optimum two-level orthogonal arrays for ordinary
least-square estimators of main effects under a certain correlation structure of errors.
Mishimaet al. [9] showed similar results to [4] for generalized least-square estima-
tors of main effects. In this article, as a generalization of the study due to Mis#tima
al. [9], optimum multilevel orthogonal arrays are presented under the same covariance
structures as discussed in [9].

Let Ay,..., A,, be m factors (treatment) withy levels each and” = (v;;) be
an array of assemblies (level-combinations) of factors, wheye= Z, is the level of
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the j th factor for thei th experiment. We assume that there are no interaction effects
between these factors and consider the following model:

y=ply+Xa+e, cove)=2X. (1.2)

In model (1.1), 1 represents a general mean, 5 is the N -dimensional all-one
column vector, andy = (y1,...,yn) is an N -dimensional observation vector,
€ = (e1,...,en) isan N -dimensional error vector andr = (o', ... (') =
(agl),...,af]131|~--|a[()m),...,af;f’)1)’ is an mgq-dimensional main effect vector,
where a(jz is the main effect for they;; th level of the jth factor. Without loss
of generality, we can assume

7) '

NOJNG

+ai -+ al? =0
for j = 1,...,m. Further X = (X ... X)) isan N x mq design matrix

corresponding to arV x m array T' = (v;;) of assemblies, wherél /) = (xz(.i)) is
an N x ¢ submatrix of X such that

l‘(]) _ 1 If 'Yij = ]{?,
ik 0 otherwise.

Here the first column ofX ¥) is referred to as the th column. Since the parameters

in model (1.1) are not independent, the normal equation can not be solved uniquely
for « . If this is the case, we transform the model to a manageable one. Consider
a ¢ x q orthogonal matrix whose first row ié1/,/g)(1,...,1) and defineQ as the

(¢ — 1) x ¢ matrix obtained by deleting the first row. Let’) = Qal) and let
W =W ... W) bethe N x m(q— 1) matrix such that

XDl = x@ gl = w3, (1.2)
Then, model (1.1) can be rewritten as follows:

y=ply+WpB+e, cove)=23, 1.3)

where 8 = (80, gty = (87, g0 |- 18, ... 8 is the trans-
formed main effect vector. The ordinary least-square estimator (OLSE) and the gener-
alized least-square estimator (GLSE) 6f , both of which are denoted by3 unless
otherwise stated, can be given as solutions of respective normal equations

/ _l / a2 /_l /
(W %% NW JNW | B =W NW Iy
and

(W'S'W — (S 1y) W sy ST w) 8
=(W'ES - AyS y) T TWET NS g,
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where Jy isthe N x N all-one matrix.

There are many types of “optimality” criteria for the evaluation of the efficiency
of B . Among them, we adopt two simple and sufficient criteria calletversally
optimumandweakly universally optimunihat were formalized by Kiefer [5] and Kiefer
and Wynn [6]. The criterion of universally optimum includes A-, D-, E-optimality as
its special cases and the criterion of weakly universally optimum includes A- and E-
optimality (see [5] and [6]). Here we cite two propositions concerning those criterion
that are needed for the discussion in the rest of this article. Fé¥ anm array I" and
its correspondingV x m(q—1) matrix W, define D(T") and C(I") respectively by

(W'W — LW/ INW) "YW — LW JN)S
) (W — 2 INW)(W'W — LW Iy W)~! )
D(I)=cov(B) = for the OLSEB, (1.4)
(WS — (12 ) WIS LIS )
for the GLSE3

and C(I') = D(I')~'. Note that C(T') for the OLSE 3 becomes the so-called
C -matrix (information matrix) when cqw ) = 021y .

Let = be the set ofN x m arraysI' by which the main effect3 is estimable by
the ordinary least-square method, or the generalized least-square method.

Proposition 1.1 (Kiefer [5]). An array I'* € = is universally optimum relative t&
if

(@) C(I') = clyy(q—1) for some constant and

(b) tr(C(T'*)) = maxpe=tr(C(T)),

where I,, is the n x n identity matrix andr (C') denotes the trace of a matrig' .

Proposition 1.2 (Kiefer and Wynn [6]). An array I'* € = is weakly universally
optimum relative to= if

(@" D(I') = clpy(q—1) for some constant and

(b)’ tr(D(I*)) = minpez tr(D(T)).

Note that if I'* is universally optimum relative t& , then it is weakly universally
optimum as well. It is also known that if'* is (weakly) universally optimum for the
estimation of « , then it is (weakly) universally optimum for the estimation @f ,
and the converse is also true. So, we treat only the transformed model (1.3) throughout
this article.

An N x m array I' = (v;;), where v;; € Z,, is called anorthogonal array
of size N, m constraints,q levels and strengtl2 , denoted by OAN,m, q,2), if
any N x 2 submatrix ofI" contains every ordered pair froi, x Z, with the same
frequency N/q? (for a more general definition, see Bathal. [2] and Raghavarao
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[10]). Without loss of generality, we may assume that the first roW aé the all-zero
vector. For theN x m(q — 1) matrix W corresponding td", since

N
W/JN =0 and W'W = ; m(g—1) (1.5)

hold, whereO is the all-zero matrix, the covariance matrix (1.4) for the OLSE®f
is reduced to

2
cov(B3) = %W’ZW.

In the case where cqve ) = oIy, it is well known that an OAN, m, ¢, 2) is uni-
versally optimum among the arrays by whigh is estimable (see [5]). Our objective

is to find an optimum arrayi’ not only for the case where c@y = oIy but also

for a more general class of covariance structures given in the following sections. The
optimality of orthogonal arrays for the OLSE g8 is discussed in Section 2. In Sec-

tion 3, some advantages of linear orthogonal arrays are shown for the OLSE and the
GLSE of 3 . In Section 4, optimum orthogonal arrays for a nearest-neighbor covari-
ance structure are presented by using the result in Section 3. Section 5 provides the
covariance matrices of main effegB in the case of the complete factorial designs
under the covariance structures discussed in the previous sections.

2. Optimum orthogonal arrays for OLSE

Let v; = (vi1,.-.,%m) betheithrowofan N x m array I', where;; € Z, .
For the i th and thek th rows of I', the number ofj such thaty;; # ~i; is called
theHamming distancéetween-~; and ~; , denoted byd(v;,~%) , and the number of
non-zero coordinates of; is called theHamming weighof ~; , denoted byw(~;) .

Considering models such as (1.1) and (1.3), we usually assume thét gow
21y . However, the real covariance structure might be different from this. As a likely
correlation structure, we suppose that the closeness of two experiments causes some
correlation between the corresponding two errors and measure the closeness of experi-
ments by the Hamming distance between two rows in an arraf assemblies. If

¢ = min{d(v;,~;) : any two distinct rowsy; and ~; of I" },

then T is called an array witiminimum distance . Now, suppose that the real covari-
ance structure is as follows:

Covariance structure I:

=02 ifi=k,
cov(e;, ep) s >0 if d(vi,ve) <,
=0 ifd(v,ve) >4,

where ¢ < |m(q¢—1)/q] (|a] indicates the greatest integer not exceeding

When we do not know the real covariance structure, we usually adopt the OLSE
as an estimate of the main effeg® . In this section, among the optimum arrays of
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assemblies under the covariance structure( eQv= oI , we find an array which is
still optimum under Covariance structure I.

Let = be the set of OAN,m,q,2).

Theorem 2.1. Under Covariance structure |, if™* € Z is an array with minimum
distance ¢ + 1, then I'* is weakly universally optimum relative t& and for the

OLSE 3,

cou ) = oI

holds without reference to Covariance structure |.

Proof. Let W be the N x m(q — 1) matrix corresponding td" € = as defined in
Section 1. It follows from (1.5) that

2 2
cov(B) = %W’EW - % > cov(e;, e)wjwy,

ik
where w; = (wl,...,wl) |- i, wf’Z)l) is the ith row of W =
WO, .., W) Note that thej th block (w'’, ... l(]q) 1) of w; is repre-

sented by one of columns i@ which is defined by (1. 2) Taking account f Q =
I, — (1/q)Jq and t(wiwy) = tr(wyw;) = (m — d(vi, ) (¢ — 1)/q — d(vi, w)/q.
we have

tr(cov(B)) = tr(D(I))

= % Z cov(e;, e )tr(wiwy,)

-1 1
E cov(e;, ex) ( (m —d(vi, k) — —d (v, ’Yk))
i#k q q

-1
> Q(QN )m02

and equality holds if and only it/(;,~v;) > ¢ for any two rows~;",v; € I'*. Thus
Proposition 1.2 completes the proof. O

Let ¢ be a prime power. Forn > n, take m distinct n -dimensional column
vectors g4, . . ., g, from the vector space Glg)" and letG = (g1,...,9m) . Fur-
thermore, letl’ be the¢™ x m array obtained by arranging™ m -dimensional row
vectorsf0G (0 € GF(q)™) . Ifthe set{0G : § € GF(¢)"} is an n -dimensional linear
subspace of GFy)™, then T is called alinear OA (¢, m, q,2) generated fromG
and G is called agenerator matrix It should be mentioned that constructing non-
linear orthogonal arrays is not that simple as the numienf constraints (factors)



88 OPTIMUM MULTILEVEL ORTHOGONAL ARRAYS FOR CORRELATED ERRORS

gets larger. In what follows, we treat linear orthogonal arrays only. The next theorem
is useful to construct an arraly which satisfies the minimum distance condition in
Theorem 2.1.

Theorem 2.2.Let G = (I,,|K) be annxm matrix over GF(¢q) for somenx(m—n)
matrix K andletI'™* be alinearOA (N, m, ¢,2) generated from= . If any ¢ distinct
column vectors off = (—K’|I,,,_,) are linearly independent, then the arrdy* is
weakly universally optimum under Covariance structure .

Proof. The theorem is a direct consequence of a well-known result of coding theory: A
linear code with a parity check matrid has minimum distance at leaét-1 if any ¢
distinct column vectors off are linearly independent (see, for example, MacWilliams
and Sloane [7]). O

3. Advantages of linear orthogonal arrays

Covariance structure | describes that there are no correlation between the errors if
the corresponding experiments are a certain Hamming distance apart, and Theorem
2.2 gives a construction for optimum arrays under Covariance structure | by using
linear orthogonal arrays. In this section, considering a more general class of covariance
structures such that

o2 if i =k,

. 3.1
o2 payye) ik, G5

cov(e;, €r) = {
we discuss some other advantages of linear orthogonal arrays when we estimate the
OLSE and the GLSE of3 . A sufficient condition for the covariance matrices of the
OLSE and the GLSE to coincide is obtained as well.

Now, define N x N matrices D; = (dEQ) by

g0 § L it dlim) =1
ik 0 otherwise

for I = 0,...,m. The matrix D; is called thel th adjacency matri>of T". Then,
with D; (I =0,...,m), we rewrite the covariance structure (3.1) as follows:

COV(G)ZEZU2 (IN+PO(DO_IN)+ZPIDI>7 3.2)
=1

where p; is the correlation coefficient for two experiments of the Hamming distance
[. Normally, it is natural to assume that > p; > --- > p,, > 0. If T is alinear
orthogonal array, then there are no repeated rows. Thus the Oth adjacency métrix of
is given by Dy = Iy . This means thati(~;,~,) = 0 holds if and only ifi = k. By
setting pp = 1, we can further reduce the covariance matrix (3.2) to

cov(e)=S=0>Y pDi. (3.3)
=0
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In a linear orthogonal array' , the number of rows with Hamming distanéefrom a
given row ~; is constant, not depending on the choicef Thus D;1y = §1y
holds, whered; is the number of rows with Hamming weighttin I". HenceX1y =
41y holds for some constant, which implies thaty 1 = 6 '1x, sincely =
Y11y = 0¥ 11y . This fact simplifies the covariance matrix (1.4) for the GLSE
of 3 as follows:

cov(B)= (W' 'w)L. (3.4)

For any givenm xm permutation matrixP; , if there exists anV x N permutation
matrix P, such thatl'P, = P,I, then T is said to benvariant with respect to any
column permutations.

Lemma 3.1. Let " be alinearOA (N, m, ¢,2) which is invariant with respect to any
column permutations andl = (a;;) be an N x N matrix whose(¢, j) th entry a;;
depends only on the Hamming distance between: theand the j th rows of I". If
there existsA—! , then the entries ofA~! also depend only on the Hamming distance
between the rows df .

Proof. We transform every row ofl’ by adding a given vectory, . Since the set

of rows of T" is a linear subspace of Gf)™ , there exists exactly oné such that

~v; + vn = v, for eachi. This means that the transformation induces a permutation
on the subspace. Le?, bethe N x N matrix representing such a permutation. Then
P, exchanges any pair of rows; and v, as long asy; + vy, = 7 is satisfied. Itis
easy to show thai’y AP] = A, since d(v; + vn,7; +7n) = d(7i,7y;) - Similarly, let

P, be an N x N matrix induced by a column permutation 6f. Then this type of
permutation also satisfieB, AP;, = A.

Suppose thati(v;,v;) = d(vk,v:) , which implies thata;; = a;; . By making a
product of the two types of permutatiody and P, , we have a permutatio® which
exchanges théi, j) th and the(k, [) th entries of A . It follows from PA’P = A and
P'P= PP = Iy that

A(PAT'P") = (PAP)(PA™'P') = PAA™'P' = Iy

and whencePA~1 P’ = A=!. This means that théi, j) th and the(k, 1) th entries of
A~1 are equal. Thereforel~! is also a matrix whoséi, 5) th entry depends only on
the Hamming distance of théth and thej th rows of T". O

Now, we clarify the relation between the entrieslofand those ofi¥ . For conve-
nience of the following description, we first define several notations. (Cét be the
set of rows of an OAN,m,q,2) T, let (T)* = (') \ {(0,...,0)} and define the
equivalence relation- by

de
Y1~ Y2 <:f> 71 = ay2 forana € GF(q) \ {0}, 71,72 € (I)7.

If T is alinear orthogonal array, thefi’)* is divided into (N —1)/(q — 1) equiva-
lence classes each of which is of sige- 1. Let S be the setofthg N —1)/(¢ — 1)
equivalence classes df')* . Since any vector in an identical class has the same Ham-
ming weight, we denote it byv(S) for aclassS € S, instead ofw(s) for a vector
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s € S, unless otherwise specified. Label the elements of@Fas r; for i € Z,,
andletE = {e; : i € Z,} forthe ¢-dimensional unit vectors; , i.e., for the vectors

e; with the 7 th coordinate 1 and the rest all zero. We define a one-to-one mapping
¢ from GHg) to E such thate; = ¢(r;). In the case where; + r; = r;, over
GF(q) , there exists a certain x ¢ permutation matrixr’., such thate;T,., = ey .

Lemma 3.2. Let F = {f; : f; = e,Q’, e; € E, i € GF(q)}, where @ is the
(g — 1) x ¢ matrix as defined in Section 1. i, + r; = r, over GF(g), then

fiQTerl = fi holds.

Proof. Since Q'Q = I, — (1/q)J, and J,Q" = O, we haveQ'QT,,Q" = T,,Q" .
On the other hand, from the fact tha{T,., = ey, if r; +r; = r; over GF(q), then
eiTr; Q" = e, Q" holds. Thus we have;QT, Q" = fj. . O

Lemma3.3. LetI" be alinearOA (N, m,q,2) and A = (a;;) bean N x N matrix,
where a;; depends only on the Hamming distance betweeni theand j th rows of
', represented byi;; = vg(y, ;) - Suppose that’ is the N x m(q — 1) matrix
corresponding tol" as defined byl1.2). Then

AW = w <UOI7n(q—1) + Z UU}(S)AS>

Ses
holds, whereAg = diag (A1,. .., A1; 5 Amy -+ o5 A ) With
——— ——
q—1 qg—1
\ g—1 ifs; =0,
J —1 |f Sj # 0
for an arbitrary vectors = (s1,...,s,,) chosen from an equivalence classc S .

Proof. Define N x N matrices P,, = (p!)) by

) — oif vy + v =,
ik 0 otherwise.

Since (T") is a linear subspace of GE)™ , for any pair of distinct vectorsy;, v €
(I'), there exists a unique; € (I') satisfying~; +~,; = v over GF(¢)™ . Then
P,, can be regarded as a permutation matrix which transfeym® 4 . In this case,
d(vi, 1) = w(v;) and whenceA can be represented as

A= Z Uu;(’Y)P’Y =voln + Z U“’(’Y)P'Y’
yE(T) vemT

which immediately leads to

AW = vl + > v Py | W (3.5)
yE(T)*
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Now, let

Q

be them(q — 1) x mq block-diagonal matrix. Then it follows from Lemma 3.2 that
PW =WwQdiayTs,,...,Ts )9,

where T is the ¢ x ¢ permutation matrix as defined just before Lemma 3.2. Further
let

diag sy, - Tsm) = »_  diagTs,....,Ts,)
(815--,8m )ES

be an mg x mq block-diagonal matrix. By noting thaErjeGF(q) T., = J, and
Tp = 1, , we have

o (q — 1)Iq |f Sj = O,
Tsw) = { Jy—1, ifs;#0.

It is easy to see that

) ’r (q — I)Iq_l If Sj = 0,
Qs = { I if s, # 0,

since QQ' = I,_; and QJ, = O . Then we obtain

> Vu PaW =30 v PBW
yE(T)*

SES seS

= Z Uw(S)WQ diag(TS(l), A ,Ts(m))Ql (36)
Ses

=W Z Uw(S)AS~
Ses

Thus (3.5) and (3.6) complete the proof. O

By virtue of Lemma 3.3, we can state the following.

Theorem 3.1.Let " be alinearOA (N, m, ¢,2) and W be the N xm(qg—1) matrix
corresponding tol’ . Under covariance structur¢3.3) ,

cov(B) = %02 (Im(ql) + Z pw(S)As> (3.7

ses

holds for the OLSE ofg3 .
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Theorem 3.2. Besides the assumption of Theorem 3.1, assume thdt thigth entry
of ¥~ depends only on the Hamming distance between theand the j th rows of
T forany i and j . Then,(3.7)also holds for the GLSE of3 .

Proof. Since ¥ = o2 Y"" ) p; D, for the adjacency matrice®; (I =0,...,m) of
T", it follows from Lemma 3.3 that

YW = a?W (Im(ql) + Z pw(S)AS> (3.8)
SeS

under covariance structure (3.3). Similarly, from the assumptioRof and Lemma
3.3, we have

_ 1
> 1W = ?W (VOIm(q—l) + Z Vw(S)AS> (39)
Ses

m

for some constants; suchthats~! = (1/¢%) > v, D, . With the second equation

of (1.5), (3.4) becomes
-1
P q
COV( ,8) = NO'Q (Volm(ql) + %VM(S)AS> .

Since (W) (X7'W) = W'ESX™'W = (N/q)I,(4-1) . it follows from (3.8) and
(3.9) that

-1
(Vofmmn + Vw<s>A5> = Lntg—1) + D Pu(s)As,
SeS Ses
which completes the proof. O
Remark. If T is a linear orthogonal array which is invariant with respect to any

column permutations, then Lemma 3.1 guarantees Yhat satisfies the condition of
Theorem 3.2.

4. Optimum orthogonal arrays for the nearest-neighbor correlation structure

In this section, we consider the covariance structure that Kiefer and Wynn dealt with
as a “nearest-neighbor” (NN) correlation structure in [6]. This is a special case of (3.3)
suchthatpy =1, py=pandps=---=p,, =0.

Covariance structure I1:

cov(e) =X = o?(Iy + pDy).
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Let I' be a linear OAq™,m,q,2), wheren < m. Without loss of generality,
we can assume that there argy — 1) rows with Hamming weight 1. Then the lin-
ear subspacél’) can be regarded as a direct sum of th&imensional linear space
GF(q)t = (I';) and an(n — t) -dimensional linear subspacg’;) of the linear space
GF(g)™t,i.e,

() = (T1) & (Ta). (4.1)

Note that the minimum distance df; is at least 2. Then théV x m(q — 1) matrix
W corresponding td” is written by

W= (1gne @ Wi|[Wa ® 141), (4.2)

where ® is the direct product}V; is the ¢* x t(q — 1) matrix corresponding td™
and W isthe ¢"~! x (m — t)(g — 1) matrix corresponding td" .

Let Do(= 1), D1, -+, D; be the adjacency matrices & and letV = D, +
pDy . From (4.1) and (4.2), it is easy to see that baéthand W can be divided into
g"~ ! blocks with ¢* rows each such that the covariance of any two rows contained in
distinct blocks is 0i.e.,

cov(e) =% = o’diagV, ..., V). (4.3)

qnft

Lemma 4.1. Let " be a linear OA(¢™, m, q,2) satisfying (4.1), W be the ¢™ x
m(g — 1) matrix of form (4.2) corresponding tol' and B = (b;;) be a ¢’ x ¢*
matrix, whereb;; depends only on the Hamming distance betweeniteand the
jthrows of I'; , represented by;; = v y - Then, foragq™ x ¢" block-diagonal
matrix A = diagB, ..., B),

N——

YisVj

q‘nft

AW =Wdiag\, ..., A\, K,...,K )
—_—— N——
t(g—1) (m—t)(qg—1)

holds, where

\ = "{_QZUIC;: 1)((]_ 1)l—1 and k= ZU;(?)((]— 1)1, (4.4)

Proof. Assuming thatWW is divided into ¢"~* submatrices of size/ x m(q — 1),
say, UV, ..., U@ ™) AW can be written as

U BUM
AW =diagB,...,B) : =

U@ BU

nft)
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Let w; = (wit, -+, Wi, (m-1)(q—1)) b€ theithrow of W, . Then it follows from (4.2)
that U) = (W,|1 ;+ ® w;) and thus

BUY = B(Wy|J)diag(L, ..., 1,wit,- -, Wi (m—t)(g—1))
N——

t(g—1)

holds, whereJ is the ¢' x (m —t)(q¢ — 1) all-one matrix. Then, from Lemma 3.3,
we have

BWAL) = (WilJ) [ volyg—1) + Y vu@)As | »
SeS

where, without loss of generalitﬁ_ is regarded as an equivalence clasgBf|O) ™,
S is the set of equivalence classSsand

Ag =diag A, A 5 Ams -5 Am)
N—— ———
qg—1 g—1
with
Ay — q— 1 if §j == O,
T -1 ifs#£0
for an arbitrary vectors = (51,...,5,,) chosen from an equivalence claSs Since

(I'1) consists of all thet -dimensional vectors, the number of rows with Hamming
weight 7 in (T';) is (), and among them, there are exacfliy ) rows such that

the 4 th coordinate is not zero for each By taking account of this fact and that
consists ofg — 1 equivalence classes, we obtain

volug-1) + P Vwisyhs = diag\, ..., Ak, k),
Ses
where A\ and « are calculated as (4.4). This means that
BU® = UWdiag(\,..., A\ K, ..., K)
and consequenth W = Wdiag(\, ..., A\ K, ..., K). O

If T is a linear OA(N,m,q,2), then the set of adjacency matrice3,(=
Iy),Dy,...,D,, becomes a so-calleddamming schemeThe following lemma is
quite useful to evaluate. and x of (4.4) under Covariance structure Il.

Lemma 4.2 (Mishima and Jimbo [8]). For the Hamming schemé&D,, ..., D,,} on
GF(q)™,let (Do + pD1)~" =32 v;D; . Then

m

-k i—k k!(—P)k
vil| . -1 =
; (Zk>(q ) [15_o(1+mp(qg—1) — jpq)

holdsfork =0,...,m.
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Theorem 4.1. Under Covariance structure Il, it" is a linearOA (N, m, ¢,2) satis-
fying (4.1), then C(T") is a diagonal matrix with

N 1 and N 1
o?q 1+tp(g—1)—pq o%q 1+tp(g—1)

ast(¢—1) and (m—t)(¢—1) ofthe m(q— 1) diagonal entries, respectively, where
t is the number of vectors with Hamming weightamong (I") . Furthermore, C(T")
for the GLSE of 8 coincides with that for the OLSE o8 .

Proof. Let W be the N x m(q — 1) matrix of form (4.2) corresponding td' . Then
Y} is represented by (4.3) under Covariance structure Il and we have

1 .
= gdlag(V_l, LV

Since the(, j) th entry of V' depends only on the Hamming distance of thté and
the jth rows of 'y and (I';) is the linear space GE)!, it is invariant with respect
to any column permutations. Hence, Lemma 3.1 guarantees that,theth entry of
V! also depends only on the Hamming distance ofttieand thej th rows of I'; .
It follows from Lemmas 4.1 and 4.2 that

YW = o*Wdiag\, ..., \ k..., K)

with
1 1
A= and k= ————.
L+tp(g—1) — pq 1+tp(g—1)

Again by Lemma 4.1 andSW) (S ~'W) = (N/q)1,,,(4—1) » We have
_ 1 . _ 1 _
vlw = ?Wdlag()\ L S T B
Then,
cov(Bg) = (WS 1w)~t = %azdiag()\7 A K)
q2 / Z
= WW EW = COV(,Bo)

holds for the GLSEB ¢ andthe OLSEB o of B . This completes the proof. [

Let =, be the set of linear OAN, m, q,2) by which the main effect3 is es-
timable.

Theorem 4.2. Let m > 3 and I'* be a linearOA (N, m, ¢,2) with minimum dis-
tance at least2 . Then, under Covariance structure Il, for the OLSE and the GLSE of
B8, I*is
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(i) universally optimum relative t&;, for 0 < p<1—g¢q/(m(¢g—1)), and

(i) weakly universally optimum relative t6;, for 0 < p(< 1).

Proof. Foran arrayl’ € Z;, , assume that the numberof rows with Hamming weight
lis atleast 1.

(i) To prove (i) of the theorem, we need only show@(T")) < tr(C(I"*)) for any
FeZ, when0<p<1l-—g/(m(g—1)) andt>1.Let W betheN xm(qg—1)
matrix corresponding td@' . From Theorem 4.1, we have
N(g—1) ( t m—t >

5 + .
qo L4+tplg—1)—pg 1+tp(g—1)

In particular, whent = 0,

tr(C(I)) =

Then we have only to prove that
t m—t

+ <m
L+tp(g—1)—pg 1+tp(g—1)

for 0 < p<1-g¢q/(m(l@—1)) andt > 1. Whent = 1, itistrueif p <
1—¢q/(m(q—1)), and whent > 2, it is always true for anyp > 0. Hence (i) is
immediately established by Proposition 1.1.

(i) In a manner similar to case (i), we have

tr(D(I')) = W@(l +1tp(g—1) = pg) + (m —1)(1 +tp(g — 1)))
and
tr(D(I™)) = tr(C(T*) ) = C](qzvil)(ﬁm.
Then t(D(T')) —tr(D(I'*)) > 0 holdsfort > 1 and 0 < p(< 1), sincem > 3.
Hence (ii) follows from Proposition 1.2. O

Remark. Theorem 2.1 proves Theorem 4.2(ii) under a more general covariance struc-
ture but only for the OLSE of3 .

5. Complete factorial designs

Last of all, we show covariance matrices of the OLSE and the GLSIB ofinder
the covariance structures discussed in the previous sections when we adopt the com-
plete factorial designs ak . In the case of complete factorial designs with factors,
(T") will be the linear space Gl)™ . This means thal" is invariant with respect to
any column permutations. Hence by applying Lemmas 3.1, 4.1 and Theorem 3.2 with
t = m = n, we have the following immediately.
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Theorem 5.1. For the complete factorial design withn factors, under covariance
structure (3.3) , the covariance matrix for the OLSE g8 is congruent with that for
the GLSE, which is given by

cov( B) = Lo (é P <77) (@-1)' - qépz (7_—11> (4— 1)“) :

Corollary 5.2. For the complete factorial design with: factors, under Covariance
structure Il, the covariance matrix for the OLSE @ is congruent with that for the
GLSE, which is given by

2
~ g
cov(B) = s (L+pm(g = 1) = pq) L n(g—1)-
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