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1. Preliminaries

In time series analysis or spatial data analysis, correlated data are often treated (see,
for example, Bennet [1] and Upton and Fingleton [11]). Similarly, in factorial experi-
ments, the “closeness” (resemblance) of experiments is supposed to cause the correla-
tion between observations. Several known results on this subject are due to Cheng [3],
Jimbo [4], Kiefer [5], Kiefer and Wynn [6] and Mishimaet al. [9]. Kiefer [5] intro-
duced a general notion of optimality. Kiefer and Wynn [6] discussed the optimality of
balanced incomplete block designs and Latin square (or Latin hypercube) designs for
correlated observations, and gave several constructions for the optimum designs (see
also Cheng [3]). Jimbo [4] provided optimum two-level orthogonal arrays for ordinary
least-square estimators of main effects under a certain correlation structure of errors.
Mishima et al. [9] showed similar results to [4] for generalized least-square estima-
tors of main effects. In this article, as a generalization of the study due to Mishimaet
al. [9], optimum multilevel orthogonal arrays are presented under the same covariance
structures as discussed in [9].

Let A1, . . . , Am be m factors (treatment) withq levels each andΓ = (γij) be
an array of assemblies (level-combinations) of factors, whereγij ∈ Zq is the level of
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the j th factor for thei th experiment. We assume that there are no interaction effects
between these factors and consider the following model:

y = µ1N + X α + ε , cov( ε ) = Σ. (1.1)

In model (1.1), µ represents a general mean,1 N is the N -dimensional all-one
column vector, andy = (y1, . . . , yN )′ is an N -dimensional observation vector,

ε = (ε1, . . . , εN )′ is an N -dimensional error vector andα = (α(1)′, . . . , α(m)′)′ =

(α(1)
0 , . . . , α

(1)
q−1| · · · |α

(m)
0 , . . . , α

(m)
q−1)

′ is an mq -dimensional main effect vector,

where α
(j)
γij is the main effect for theγij th level of the j th factor. Without loss

of generality, we can assume

α
(j)
0 + α

(j)
1 + · · ·+ α

(j)
q−1 = 0

for j = 1, . . . ,m . Further X = (X(1), . . . , X(m)) is an N × mq design matrix

corresponding to anN ×m array Γ = (γij) of assemblies, whereX(j) = (x(j)
ik ) is

an N × q submatrix ofX such that

x
(j)
ik =

{
1 if γij = k,
0 otherwise.

Here the first column ofX(j) is referred to as the0 th column. Since the parameters
in model (1.1) are not independent, the normal equation can not be solved uniquely
for α . If this is the case, we transform the model to a manageable one. Consider
a q × q orthogonal matrix whose first row is(1/

√
q)(1, . . . , 1) and defineQ as the

(q − 1) × q matrix obtained by deleting the first row. Letβ(j) = Qα(j) and let
W = (W (1), . . . ,W (m)) be theN ×m(q − 1) matrix such that

X(j)α(j) = X(j)Q′β(j) = W (j)β(j). (1.2)

Then, model (1.1) can be rewritten as follows:

y = µ 1 N + W β + ε , cov( ε ) = Σ, (1.3)

where β = (β(1)′, . . . , β(m)′)′ = (β(1)
1 , . . . , β

(1)
q−1| · · · |β

(m)
1 , . . . , β

(m)
q−1)

′ is the trans-
formed main effect vector. The ordinary least-square estimator (OLSE) and the gener-
alized least-square estimator (GLSE) ofβ , both of which are denoted bŷβ unless
otherwise stated, can be given as solutions of respective normal equations(

W ′W − 1
N

W ′JNW

)
β̂ =

(
W ′ − 1

N
W ′JN

)
y

and (
W ′Σ−1W − (1′NΣ−11N )−1W ′Σ−1JNΣ−1W

)
β̂

=
(
W ′Σ−1 − (1′NΣ−11N )−1W ′Σ−1JNΣ−1

)
y,
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where JN is the N ×N all-one matrix.

There are many types of “optimality” criteria for the evaluation of the efficiency
of β̂ . Among them, we adopt two simple and sufficient criteria calleduniversally
optimumandweakly universally optimumthat were formalized by Kiefer [5] and Kiefer
and Wynn [6]. The criterion of universally optimum includes A-, D-, E-optimality as
its special cases and the criterion of weakly universally optimum includes A- and E-
optimality (see [5] and [6]). Here we cite two propositions concerning those criterion
that are needed for the discussion in the rest of this article. For anN×m array Γ and
its correspondingN ×m(q−1) matrix W , defineD(Γ) and C(Γ) respectively by

D(Γ) = cov( β̂ ) =



(W ′W − 1
N W ′JNW )−1(W ′ − 1

N W ′JN )Σ
(W − 1

N JNW )(W ′W − 1
N W ′JNW )−1

for the OLSEβ̂,

(W ′Σ−1W − (1′NΣ−11N )−1W ′Σ−1JNΣ−1W )−1

for the GLSEβ̂

(1.4)

and C(Γ) = D(Γ)−1 . Note that C(Γ) for the OLSE β̂ becomes the so-called
C -matrix (information matrix) when cov( ε ) = σ2IN .

Let Ξ be the set ofN ×m arraysΓ by which the main effectβ is estimable by
the ordinary least-square method, or the generalized least-square method.

Proposition 1.1 (Kiefer [5]). An array Γ∗ ∈ Ξ is universally optimum relative toΞ
if

(a) C(Γ∗) = cIm(q−1) for some constantc and

(b) tr(C(Γ∗)) = maxΓ∈Ξ tr(C(Γ)) ,

where In is the n× n identity matrix andtr (C) denotes the trace of a matrixC .

Proposition 1.2 (Kiefer and Wynn [6]). An array Γ∗ ∈ Ξ is weakly universally
optimum relative toΞ if

(a) ′ D(Γ∗) = cIm(q−1) for some constantc and

(b) ′ tr(D(Γ∗)) = minΓ∈Ξ tr(D(Γ)) .

Note that if Γ∗ is universally optimum relative toΞ , then it is weakly universally
optimum as well. It is also known that ifΓ∗ is (weakly) universally optimum for the
estimation of α , then it is (weakly) universally optimum for the estimation ofβ ,
and the converse is also true. So, we treat only the transformed model (1.3) throughout
this article.

An N × m array Γ = (γij) , where γij ∈ Zq , is called anorthogonal array
of size N , m constraints,q levels and strength2 , denoted by OA(N,m, q, 2) , if
any N × 2 submatrix ofΓ contains every ordered pair fromZq × Zq with the same
frequencyN/q2 (for a more general definition, see Bethet al. [2] and Raghavarao
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[10]). Without loss of generality, we may assume that the first row ofΓ is the all-zero
vector. For theN ×m(q − 1) matrix W corresponding toΓ , since

W ′JN = O and W ′W =
N

q
Im(q−1) (1.5)

hold, whereO is the all-zero matrix, the covariance matrix (1.4) for the OLSE ofβ
is reduced to

cov( β̂ ) =
q2

N2
W ′ΣW.

In the case where cov( ε ) = σ2IN , it is well known that an OA(N,m, q, 2) is uni-
versally optimum among the arrays by whichβ is estimable (see [5]). Our objective
is to find an optimum arrayΓ not only for the case where cov(ε) = σ2IN but also
for a more general class of covariance structures given in the following sections. The
optimality of orthogonal arrays for the OLSE ofβ is discussed in Section 2. In Sec-
tion 3, some advantages of linear orthogonal arrays are shown for the OLSE and the
GLSE of β . In Section 4, optimum orthogonal arrays for a nearest-neighbor covari-
ance structure are presented by using the result in Section 3. Section 5 provides the
covariance matrices of main effectβ in the case of the complete factorial designs
under the covariance structures discussed in the previous sections.

2. Optimum orthogonal arrays for OLSE

Let γi = (γi1, . . . , γim) be the i th row of an N ×m array Γ , whereγij ∈ Zq .
For the i th and thek th rows of Γ , the number ofj such thatγij 6= γkj is called
theHamming distancebetweenγi and γk , denoted byd(γi, γk) , and the number of
non-zero coordinates ofγi is called theHamming weightof γi , denoted byw(γi) .

Considering models such as (1.1) and (1.3), we usually assume that cov( ε ) =
σ2IN . However, the real covariance structure might be different from this. As a likely
correlation structure, we suppose that the closeness of two experiments causes some
correlation between the corresponding two errors and measure the closeness of experi-
ments by the Hamming distance between two rows in an arrayΓ of assemblies. If

` = min{d(γi, γj) : any two distinct rowsγi and γj of Γ },

then Γ is called an array withminimum distancè . Now, suppose that the real covari-
ance structure is as follows:

Covariance structure I:

cov(εi, εk)


= σ2 if i = k,
≥ 0 if d(γi, γk) ≤ `,
= 0 if d(γi, γk) > `,

where ` ≤ bm(q − 1)/qc ( bac indicates the greatest integer not exceedinga ).

When we do not know the real covariance structure, we usually adopt the OLSE
as an estimate of the main effectβ . In this section, among the optimum arrays of
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assemblies under the covariance structure cov( ε ) = σ2IN , we find an array which is
still optimum under Covariance structure I.

Let Ξ be the set of OA(N,m, q, 2) .

Theorem 2.1. Under Covariance structure I, ifΓ∗ ∈ Ξ is an array with minimum
distance ` + 1 , then Γ∗ is weakly universally optimum relative toΞ and for the
OLSE β̂ ,

cov( β̂ ) =
q

N
σ2Im(q−1)

holds without reference to Covariance structure I.

Proof. Let W be the N × m(q − 1) matrix corresponding toΓ ∈ Ξ as defined in
Section 1. It follows from (1.5) that

cov( β̂ ) =
q2

N2
W ′ΣW =

q2

N2

∑
i,k

cov(εi, εk)w′
iwk,

where wi = (w(1)
i1 , . . . , w

(1)
i,q−1| · · · |w

(m)
i1 , . . . , w

(m)
i,q−1) is the i th row of W =

(W (1) , . . . , W (m)) . Note that thej th block (w(j)
i1 , . . . , w

(j)
i,q−1) of wi is repre-

sented by one of columns inQ which is defined by (1.2). Taking account ofQ′Q =
Iq − (1/q)Jq and tr(w′

iwk) = tr(wkw′
i) = (m− d(γi, γk))(q − 1)/q − d(γi, γk)/q ,

we have

tr(cov(β̂)) = tr(D(Γ))

=
q2

N2

∑
i,k

cov(εi, εk)tr(w′
iwk)

=
q(q − 1)

N
mσ2

+
q2

N2

∑
i 6=k

cov(εi, εk)
(

q − 1
q

(m− d(γi, γk))− 1
q
d(γi, γk)

)

≥ q(q − 1)
N

mσ2

and equality holds if and only ifd(γ∗i , γ∗k) > ` for any two rowsγ∗i , γ∗k ∈ Γ∗ . Thus
Proposition 1.2 completes the proof.

Let q be a prime power. Form ≥ n , take m distinct n -dimensional column
vectors g1, . . . , gm from the vector space GF(q)n and let G = (g1, . . . , gm) . Fur-
thermore, letΓ be theqn ×m array obtained by arrangingqn m -dimensional row
vectorsθG (θ ∈ GF(q)n) . If the set{θG : θ ∈ GF(q)n} is an n -dimensional linear
subspace of GF(q)m , then Γ is called alinear OA (qn,m, q, 2) generated fromG
and G is called agenerator matrix. It should be mentioned that constructing non-
linear orthogonal arrays is not that simple as the numberm of constraints (factors)
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gets larger. In what follows, we treat linear orthogonal arrays only. The next theorem
is useful to construct an arrayΓ which satisfies the minimum distance condition in
Theorem 2.1.

Theorem 2.2.Let G = (In|K) be ann×m matrix overGF(q) for somen×(m−n)
matrix K and let Γ∗ be a linearOA (N,m, q, 2) generated fromG . If any ` distinct
column vectors ofH = (−K ′|Im−n) are linearly independent, then the arrayΓ∗ is
weakly universally optimum under Covariance structure I.

Proof. The theorem is a direct consequence of a well-known result of coding theory: A
linear code with a parity check matrixH has minimum distance at least`+1 if any `
distinct column vectors ofH are linearly independent (see, for example, MacWilliams
and Sloane [7]).

3. Advantages of linear orthogonal arrays

Covariance structure I describes that there are no correlation between the errors if
the corresponding experiments are a certain Hamming distance apart, and Theorem
2.2 gives a construction for optimum arrays under Covariance structure I by using
linear orthogonal arrays. In this section, considering a more general class of covariance
structures such that

cov(εi, εk) =
{

σ2 if i = k,
σ2ρd(γi,γk) if i 6= k,

(3.1)

we discuss some other advantages of linear orthogonal arrays when we estimate the
OLSE and the GLSE ofβ . A sufficient condition for the covariance matrices of the
OLSE and the GLSE to coincide is obtained as well.

Now, defineN ×N matricesDl = (d(l)
ik ) by

d
(l)
ik =

{
1 if d(γi, γk) = l,
0 otherwise

for l = 0, . . . ,m . The matrix Dl is called thel th adjacency matrixof Γ . Then,
with Dl (l = 0, . . . ,m) , we rewrite the covariance structure (3.1) as follows:

cov( ε ) = Σ = σ2

(
IN + ρ0(D0 − IN ) +

m∑
l=1

ρlDl

)
, (3.2)

where ρl is the correlation coefficient for two experiments of the Hamming distance
l . Normally, it is natural to assume thatρ0 ≥ ρ1 ≥ · · · ≥ ρm ≥ 0 . If Γ is a linear
orthogonal array, then there are no repeated rows. Thus the 0th adjacency matrix ofΓ
is given by D0 = IN . This means thatd(γi, γk) = 0 holds if and only if i = k . By
setting ρ0 = 1 , we can further reduce the covariance matrix (3.2) to

cov( ε ) = Σ = σ2
m∑

l=0

ρlDl. (3.3)
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In a linear orthogonal arrayΓ , the number of rows with Hamming distancel from a
given row γi is constant, not depending on the choice ofγi . Thus Dl1N = δl1N

holds, whereδl is the number of rows with Hamming weightl in Γ . HenceΣ1N =
δ1N holds for some constantδ , which implies thatΣ−11N = δ−11N , since1N =
Σ−1Σ1N = δΣ−11N . This fact simplifies the covariance matrix (1.4) for the GLSE
of β as follows:

cov( β̂ ) = (W ′Σ−1W )−1. (3.4)

For any givenm×m permutation matrixP1 , if there exists anN×N permutation
matrix P2 such thatΓP1 = P2Γ , then Γ is said to beinvariant with respect to any
column permutations.

Lemma 3.1. Let Γ be a linearOA (N,m, q, 2) which is invariant with respect to any
column permutations andA = (aij) be an N ×N matrix whose(i, j) th entry aij

depends only on the Hamming distance between thei th and the j th rows of Γ . If
there existsA−1 , then the entries ofA−1 also depend only on the Hamming distance
between the rows ofΓ .

Proof. We transform every row ofΓ by adding a given vectorγh . Since the set
of rows of Γ is a linear subspace of GF(q)m , there exists exactly onek such that
γi + γh = γk for each i . This means that the transformation induces a permutation
on the subspace. LetP1 be theN ×N matrix representing such a permutation. Then
P1 exchanges any pair of rowsγi and γk as long asγi + γh = γk is satisfied. It is
easy to show thatP1AP ′

1 = A , sinced(γi + γh, γj + γh) = d(γi, γj) . Similarly, let
P2 be an N × N matrix induced by a column permutation ofΓ . Then this type of
permutation also satisfiesP2AP ′

2 = A .

Suppose thatd(γi, γj) = d(γk, γl) , which implies thataij = akl . By making a
product of the two types of permutationsP1 and P2 , we have a permutationP which
exchanges the(i, j) th and the(k, l) th entries ofA . It follows from PA′P = A and
P ′P = PP ′ = IN that

A(PA−1P ′) = (PAP ′)(PA−1P ′) = PAA−1P ′ = IN

and whencePA−1P ′ = A−1 . This means that the(i, j) th and the(k, l) th entries of
A−1 are equal. ThereforeA−1 is also a matrix whose(i, j) th entry depends only on
the Hamming distance of thei th and thej th rows of Γ .

Now, we clarify the relation between the entries ofΓ and those ofW . For conve-
nience of the following description, we first define several notations. Let〈Γ〉 be the
set of rows of an OA(N,m, q, 2) Γ , let 〈Γ〉+ = 〈Γ〉 \ {(0, . . . , 0)} and define the
equivalence relation∼ by

γ1 ∼ γ2
def⇐⇒ γ1 = aγ2 for ana ∈ GF(q) \ {0}, γ1, γ2 ∈ 〈Γ〉+.

If Γ is a linear orthogonal array, then〈Γ〉+ is divided into (N − 1)/(q − 1) equiva-
lence classes each of which is of sizeq− 1 . Let S be the set of the(N − 1)/(q− 1)
equivalence classes of〈Γ〉+ . Since any vector in an identical class has the same Ham-
ming weight, we denote it byw(S) for a classS ∈ S , instead ofw(s) for a vector
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s ∈ S , unless otherwise specified. Label the elements of GF(q) as ri for i ∈ Zq ,
and let E = {ei : i ∈ Zq} for the q -dimensional unit vectorsei , i.e., for the vectors
ei with the i th coordinate 1 and the rest all zero. We define a one-to-one mapping
ϕ from GF(q) to E such thatei = ϕ(ri) . In the case whereri + rj = rk over
GF(q) , there exists a certainq × q permutation matrixTrj such thateiTrj = ek .

Lemma 3.2. Let F = {fi : fi = eiQ
′, ei ∈ E, i ∈ GF(q)} , where Q is the

(q − 1) × q matrix as defined in Section 1. Ifri + rj = rk over GF(q) , then
fiQTrj Q

′ = fk holds.

Proof. Since Q′Q = Iq − (1/q)Jq and JqQ
′ = O , we haveQ′QTrj Q

′ = Trj Q
′ .

On the other hand, from the fact thateiTrj
= ek , if ri + rj = rk over GF(q) , then

eiTrj
Q′ = ekQ′ holds. Thus we havefiQTrj

Q′ = fk .

Lemma 3.3. Let Γ be a linearOA (N,m, q, 2) and A = (aij) be anN×N matrix,
where aij depends only on the Hamming distance between thei th and j th rows of
Γ , represented byaij = υd(γi,γj) . Suppose thatW is the N × m(q − 1) matrix
corresponding toΓ as defined by(1.2). Then

AW = W

(
υ0Im(q−1) +

∑
S∈S

υw(S)ΛS

)

holds, whereΛS = diag (λ1, . . . , λ1︸ ︷︷ ︸
q−1

; · · · ;λm, . . . , λm︸ ︷︷ ︸
q−1

) with

λj =
{

q − 1 if sj = 0,
−1 if sj 6= 0

for an arbitrary vectors = (s1, . . . , sm) chosen from an equivalence classS ∈ S .

Proof. Define N ×N matricesPγj
= (p(j)

ik ) by

p
(j)
ik =

{
1 if γi + γj = γk,
0 otherwise.

Since 〈Γ〉 is a linear subspace of GF(q)m , for any pair of distinct vectorsγi, γk ∈
〈Γ〉 , there exists a uniqueγj ∈ 〈Γ〉 satisfying γi + γj = γk over GF(q)m . Then
Pγj

can be regarded as a permutation matrix which transformsγi to γk . In this case,
d(γi, γk) = w(γj) and whenceA can be represented as

A =
∑

γ∈〈Γ〉

υw(γ)Pγ = υ0IN +
∑

γ∈〈Γ〉+
υw(γ)Pγ ,

which immediately leads to

AW =

υ0IN +
∑

γ∈〈Γ〉+
υw(γ)Pγ

W. (3.5)
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Now, let

Q =


Q

Q
...

Q


be them(q − 1)×mq block-diagonal matrix. Then it follows from Lemma 3.2 that

PsW = WQ diag(Ts1 , . . . , Tsm
)Q′,

where Tsj
is the q× q permutation matrix as defined just before Lemma 3.2. Further

let
diag(TS(1), . . . , TS(m)) =

∑
(s1,...,sm)∈S

diag(Ts1 , . . . , Tsm)

be an mq × mq block-diagonal matrix. By noting that
∑

rj∈GF(q) Trj
= Jq and

T0 = Iq , we have

TS(j) =
{

(q − 1)Iq if sj = 0,
Jq − Iq if sj 6= 0.

It is easy to see that

QTS(j)Q
′ =

{
(q − 1)Iq−1 if sj = 0,
−Iq−1 if sj 6= 0,

since QQ′ = Iq−1 and QJq = O . Then we obtain∑
γ∈〈Γ〉+

υw(γ)PγW =
∑
S∈S

∑
s∈S

υw(s)PsW

=
∑
S∈S

υw(S)WQ diag(TS(1), . . . , TS(m))Q′

= W
∑
S∈S

υw(S)ΛS .

(3.6)

Thus (3.5) and (3.6) complete the proof.

By virtue of Lemma 3.3, we can state the following.

Theorem 3.1. Let Γ be a linearOA (N,m, q, 2) and W be theN×m(q−1) matrix
corresponding toΓ . Under covariance structure(3.3) ,

cov( β̂ ) =
q

N
σ2

(
Im(q−1) +

∑
S∈S

ρw(S)ΛS

)
(3.7)

holds for the OLSE ofβ .
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Theorem 3.2. Besides the assumption of Theorem 3.1, assume that the(i, j) th entry
of Σ−1 depends only on the Hamming distance between thei th and thej th rows of
Γ for any i and j . Then,(3.7)also holds for the GLSE ofβ .

Proof. Since Σ = σ2
∑m

l=0 ρlDl for the adjacency matricesDl (l = 0, . . . ,m) of
Γ , it follows from Lemma 3.3 that

ΣW = σ2W

(
Im(q−1) +

∑
S∈S

ρw(S)ΛS

)
(3.8)

under covariance structure (3.3). Similarly, from the assumption ofΣ−1 and Lemma
3.3, we have

Σ−1W =
1
σ2

W

(
ν0Im(q−1) +

∑
S∈S

νw(S)ΛS

)
(3.9)

for some constantsνl such thatΣ−1 = (1/σ2)
∑m

l=0 νlDl . With the second equation
of (1.5), (3.4) becomes

cov( β̂ ) =
q

N
σ2

(
ν0Im(q−1) +

∑
S∈S

νw(S)ΛS

)−1

.

Since (ΣW )′(Σ−1W ) = W ′ΣΣ−1W = (N/q)Im(q−1) , it follows from (3.8) and
(3.9) that (

ν0Im(q−1) +
∑
S∈S

νw(S)ΛS

)−1

= Im(q−1) +
∑
S∈S

ρw(S)ΛS ,

which completes the proof.

Remark. If Γ is a linear orthogonal array which is invariant with respect to any
column permutations, then Lemma 3.1 guarantees thatΣ−1 satisfies the condition of
Theorem 3.2.

4. Optimum orthogonal arrays for the nearest-neighbor correlation structure

In this section, we consider the covariance structure that Kiefer and Wynn dealt with
as a “nearest-neighbor” (NN) correlation structure in [6]. This is a special case of (3.3)
such thatρ0 = 1 , ρ1 = ρ and ρ2 = · · · = ρm = 0 .

Covariance structure II :

cov( ε ) = Σ = σ2(IN + ρD1).
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Let Γ be a linear OA(qn,m, q, 2) , where n ≤ m . Without loss of generality,
we can assume that there aret(q − 1) rows with Hamming weight 1. Then the lin-
ear subspace〈Γ〉 can be regarded as a direct sum of thet -dimensional linear space
GF(q)t = 〈Γ1〉 and an(n− t) -dimensional linear subspace〈Γ2〉 of the linear space
GF(q)m−t , i.e.,

〈Γ〉 = 〈Γ1〉 ⊕ 〈Γ2〉. (4.1)

Note that the minimum distance ofΓ2 is at least 2. Then theN ×m(q − 1) matrix
W corresponding toΓ is written by

W = (1qn−t ⊗W1|W2 ⊗ 1qt), (4.2)

where⊗ is the direct product,W1 is the qt × t(q − 1) matrix corresponding toΓ1

and W2 is the qn−t × (m− t)(q − 1) matrix corresponding toΓ2 .

Let D̄0(= Iqt), D̄1, · · · , D̄t be the adjacency matrices ofΓ1 and let V = D̄0 +
ρD̄1 . From (4.1) and (4.2), it is easy to see that bothΓ and W can be divided into
qn−t blocks with qt rows each such that the covariance of any two rows contained in
distinct blocks is 0,i.e.,

cov( ε ) = Σ = σ2diag(V, . . . , V︸ ︷︷ ︸
qn−t

). (4.3)

Lemma 4.1. Let Γ be a linear OA(qn,m, q, 2) satisfying (4.1) , W be the qn ×
m(q − 1) matrix of form (4.2) corresponding toΓ and B = (bij) be a qt × qt

matrix, wherebij depends only on the Hamming distance between thei th and the
j th rows of Γ1 , represented bybij = υd(γi,γj) . Then, for aqn × qn block-diagonal
matrix A = diag(B, . . . , B︸ ︷︷ ︸

qn−t

) ,

AW = Wdiag(λ, . . . , λ︸ ︷︷ ︸
t(q−1)

, κ, . . . , κ︸ ︷︷ ︸
(m−t)(q−1)

)

holds, where

λ = κ− q
t∑

l=1

υl

(
t− 1
l − 1

)
(q − 1)l−1 and κ =

t∑
l=0

υl

(
t

l

)
(q − 1)l. (4.4)

Proof. Assuming thatW is divided into qn−t submatrices of sizeqt × m(q − 1) ,

say, U (1), . . . , U (qn−t) , AW can be written as

AW = diag(B, . . . , B)

 U (1)

...
U (qn−t)

 =

 BU (1)

...
BU (qn−t)

 .
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Let ωi = (ωi1, . . . , ωi,(m−t)(q−1)) be the i th row of W2 . Then it follows from (4.2)

that U (i) = (W1| 1 qt ⊗ ωi) and thus

BU (i) = B(W1|J)diag(1, . . . , 1︸ ︷︷ ︸
t(q−1)

, ωi1, . . . , ωi,(m−t)(q−1))

holds, whereJ is the qt × (m − t)(q − 1) all-one matrix. Then, from Lemma 3.3,
we have

B(W1|J) = (W1|J)

υ0It(q−1) +
∑
S̄∈S̄

υw(S̄)ΛS̄

 ,

where, without loss of generality,̄S is regarded as an equivalence class of〈Γ1|O〉+ ,
S̄ is the set of equivalence classesS̄ and

ΛS̄ = diag(λ1, . . . , λ1︸ ︷︷ ︸
q−1

; · · · ;λm, . . . , λm︸ ︷︷ ︸
q−1

)

with

λj =
{

q − 1 if s̄j = 0,
−1 if s̄j 6= 0

for an arbitrary vector̄s = (s̄1, . . . , s̄m) chosen from an equivalence class̄S . Since
〈Γ1〉 consists of all thet -dimensional vectors, the number of rows with Hamming
weight l in 〈Γ1〉 is

(
t
l

)
, and among them, there are exactly

(
t−1
l−1

)
rows such that

the i th coordinate is not zero for eachi . By taking account of this fact and that̄S
consists ofq − 1 equivalence classes, we obtain

υ0It(q−1) +
∑
S̄∈S̄

υw(S̄)ΛS̄ = diag(λ, . . . , λ, κ, . . . , κ),

where λ and κ are calculated as (4.4). This means that

BU (i) = U (i)diag(λ, . . . , λ, κ, . . . , κ)

and consequentlyAW = Wdiag(λ, . . . , λ, κ, . . . , κ) .

If Γ is a linear OA(N,m, q, 2) , then the set of adjacency matricesD0(=
IN ), D1, . . . , Dm becomes a so-calledHamming scheme. The following lemma is
quite useful to evaluateλ and κ of (4.4) under Covariance structure II.

Lemma 4.2 (Mishima and Jimbo [8]). For the Hamming scheme{D0, . . . , Dm} on
GF(q)m , let (D0 + ρD1)−1 =

∑m
i=l υiDi . Then

m∑
i=k

υi

(
m− k

i− k

)
(q − 1)i−k =

k!(−ρ)k∏k
j=0(1 + mρ(q − 1)− jρq)

holds for k = 0, . . . ,m .
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Theorem 4.1. Under Covariance structure II, ifΓ is a linearOA (N,m, q, 2) satis-
fying (4.1), then C(Γ) is a diagonal matrix with

N

σ2q
· 1
1 + tρ(q − 1)− ρq

and
N

σ2q
· 1
1 + tρ(q − 1)

as t(q−1) and (m− t)(q−1) of the m(q−1) diagonal entries, respectively, where
t is the number of vectors with Hamming weight1 among 〈Γ〉 . Furthermore,C(Γ)
for the GLSE ofβ coincides with that for the OLSE ofβ .

Proof. Let W be theN ×m(q − 1) matrix of form (4.2) corresponding toΓ . Then
Σ is represented by (4.3) under Covariance structure II and we have

Σ−1 =
1
σ2

diag(V −1, . . . , V −1).

Since the(i, j) th entry of V depends only on the Hamming distance of thei th and
the j th rows of Γ1 and 〈Γ1〉 is the linear space GF(q)t , it is invariant with respect
to any column permutations. Hence, Lemma 3.1 guarantees that the(i, j) th entry of
V −1 also depends only on the Hamming distance of thei th and thej th rows of Γ1 .
It follows from Lemmas 4.1 and 4.2 that

ΣW = σ2Wdiag(λ, . . . , λ, κ, . . . , κ)

with

λ =
1

1 + tρ(q − 1)− ρq
and κ =

1
1 + tρ(q − 1)

.

Again by Lemma 4.1 and(ΣW )′(Σ−1W ) = (N/q)Im(q−1) , we have

Σ−1W =
1
σ2

Wdiag(λ−1, . . . , λ−1, κ−1, . . . , κ−1).

Then,

cov(β̂G) = (W ′Σ−1W )−1 =
q

N
σ2diag(λ, . . . , λ, κ, . . . , κ)

=
q2

N2
W ′ΣW = cov(β̂O)

holds for the GLSEβ̂ G and the OLSEβ̂ O of β . This completes the proof.

Let ΞL be the set of linear OA(N,m, q, 2) by which the main effectβ is es-
timable.

Theorem 4.2. Let m ≥ 3 and Γ∗ be a linearOA (N,m, q, 2) with minimum dis-
tance at least2 . Then, under Covariance structure II, for the OLSE and the GLSE of
β , Γ∗ is
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(i) universally optimum relative toΞL for 0 ≤ ρ < 1− q/(m(q − 1)) , and

(ii) weakly universally optimum relative toΞL for 0 ≤ ρ(< 1) .

Proof. For an arrayΓ ∈ ΞL , assume that the numbert of rows with Hamming weight
1 is at least 1.

(i) To prove (i) of the theorem, we need only show tr(C(Γ)) < tr(C(Γ∗)) for any
Γ ∈ ΞL when 0 ≤ ρ < 1− q/(m(q − 1)) and t ≥ 1 . Let W be theN ×m(q − 1)
matrix corresponding toΓ . From Theorem 4.1, we have

tr(C(Γ)) =
N(q − 1)

qσ2

(
t

1 + tρ(q − 1)− ρq
+

m− t

1 + tρ(q − 1)

)
.

In particular, whent = 0 ,

tr(C(Γ∗)) =
N(q − 1)

qσ2
m.

Then we have only to prove that

t

1 + tρ(q − 1)− ρq
+

m− t

1 + tρ(q − 1)
< m

for 0 ≤ ρ < 1 − q/(m(q − 1)) and t ≥ 1 . When t = 1 , it is true if ρ <
1 − q/(m(q − 1)) , and whent ≥ 2 , it is always true for anyρ ≥ 0 . Hence (i) is
immediately established by Proposition 1.1.

(ii) In a manner similar to case (i), we have

tr(D(Γ)) =
q(q − 1)σ2

N
(t(1 + tρ(q − 1)− ρq) + (m− t)(1 + tρ(q − 1)))

and

tr(D(Γ∗)) = tr(C(Γ∗)−1) =
q(q − 1)σ2

N
m.

Then tr(D(Γ)) − tr(D(Γ∗)) > 0 holds for t ≥ 1 and 0 ≤ ρ(< 1) , since m ≥ 3 .
Hence (ii) follows from Proposition 1.2.

Remark. Theorem 2.1 proves Theorem 4.2(ii) under a more general covariance struc-
ture but only for the OLSE ofβ .

5. Complete factorial designs

Last of all, we show covariance matrices of the OLSE and the GLSE ofβ under
the covariance structures discussed in the previous sections when we adopt the com-
plete factorial designs asΓ . In the case of complete factorial designs withm factors,
〈Γ〉 will be the linear space GF(q)m . This means thatΓ is invariant with respect to
any column permutations. Hence by applying Lemmas 3.1, 4.1 and Theorem 3.2 with
t = m = n , we have the following immediately.
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Theorem 5.1. For the complete factorial design withm factors, under covariance
structure (3.3) , the covariance matrix for the OLSE ofβ is congruent with that for
the GLSE, which is given by

cov( β̂ ) =
q

N
σ2

(
m∑

l=0

ρl

(
m

l

)
(q − 1)l − q

m∑
l=1

ρl

(
m− 1
l − 1

)
(q − 1)l−1

)
.

Corollary 5.2. For the complete factorial design withm factors, under Covariance
structure II, the covariance matrix for the OLSE ofβ is congruent with that for the
GLSE, which is given by

cov( β̂ ) =
σ2

qm−1
(1 + ρm(q − 1)− ρq)Im(q−1).
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