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Abstract

Let G be a 2 -connected weighted graph such that the minimum weighted
degree is at least . In [1], Bondy and Fan proved that eithé¥ contains a cycle
of weight at least2d or every heaviest cycle i is a hamiltonian cycle. IfG
is not hamiltonian, this theorem implies the existence of a cycle of weight at least
2d, but in case of G is hamiltonian we cannot decide whethéf has a heavy
cycle or not. In this paper, we prove thatd is triangle-free, thenG has a cycle
of weight at least2d even in case of7 is hamiltonian.
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1. Introduction

We only consider undirected graphs which have no loops or multiple edge$/ (&}
and E(G) denote the set of vertices and the set of edges of a géaprespectively.

A weighted graph is one in which every edgeis assigned a nonnegative real number
w(e), called theweightof e. For a subgraph of G, theweightof H is defined

by

ecE(H)

For each vertexo € V(G), Ng(v) is the set, andig(v) the number, of neighbors
of v in G . We define theveighted degreef v in G by

dé(v) = Z w(uv).
uENg(v)

Let x and y be distinct vertices inG . We define

0 if 2y ¢ E(G)
€G($y):{1 ifoGE(G)-

When no confusion occurs, we denofég(v), dg(v), di(v) and eq(zy) by
N(v), d(v), d¥(v) and e(zy) , respectively.
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A cycle which contains all the vertices of a graph is calldtheniltonian cyclelf a
graph G has a hamiltonian cycle, then we call hamiltonian A triangle-freegraph
is one which contains no cycle of length. Moreover, we call a pathP alongest
heaviest pathof G if

() w(P) is maximum, and

(i) P is alongest path ofy subject to (i).

In [1], Bondy and Fan proved the following theorem.

Theorem 0.1 (Bondy and Fan [1]).Let G be a 2 -connected weighted graph and let
d be a nonnegative real number. & (v) > d for every vertexv in G, then

(@) G has acycle of weight at leagtd , or

(b) every heaviest cycle ity is a hamiltonian cycle.

If we consider the weighted complete graph in which every edge has weight
we know that conclusion (b) of Theorem 0.1 cannot be dropped. However, there are
a lot of graphs in which both (a) and (b) of Theorem 0.1 hold and we cannot obtain
the existence of a heavy cycle by this theorem. In this paper, we prove thatsfa
triangle-free weighted graph, we can find a heavy cycle evén i hamiltonian. Our
main result is the following.

Theorem 0.2. Let G be a 2 -connected triangle-free weighted graph and tetbe a
nonnegative real number. H* (v) > d for every vertexv in G, then G has a cycle
of weight at least2d .

2. Proof of Theorem 2

In our proof of Theorem 0.2, the following lemma is essential.

Lemma 1. Let G be a weighted graph and leP be a longest heaviest path &f
with endverticesr and y . Assume that

d(z) +d(y) — e(zy) < |E(P)].
Then

o if zy ¢ E(G), then P has weight at leastli%(x) + dg(y) , and

e if 2y € E(G), then the cyclexPyx has weight at leastl{(x) + dg&(y) .

Proof. Let P = ajaz...a, be a longest heaviest path ¢f where ¢; = z and
a, =y . Then we haveN (a;) C V(P) and N(a,) C V(P). Let

e Ni={a;|a; € Ng(ar), ai-1 ¢ Ng_a,(ap)},

o Ny ={a;|a; € Ng(a1), ai—1 € Ng—q,(ap)},
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° N3 = {ai | a; € NG,al (ap), Ajyq ¢ NG(al)} and
° N4 = {ai | a; € NG,al (ap), a1 € NG(al)} .
Moreover, let

Ey ={aiv|v € N1}, Es = {a1v|v € N}, E3 = {vay, |v € N3} andE, = {va, |v € N4}
Now we define a mapping; of Ule E; to E(P) such that

e for e = aja; € E1 U Esy, @1(6) =a;_1a; and

o for e =a,a, € E3, pi(e) = aja;y1,

andletF; = {¢1(e) |e € E;} for i =1,2,3. Nowitis easytoseethay N F» = 0.
And by the definition ofE5 , a;+1 ¢ N(a1) if a;a, € E3, henceFy, F» and F3
are disjoint.

It follows from the factd(x) + d(y) — e(zy) < |E(P)| that

3

Z|Fi|

i=1

|Ev| + | E2| + [E3]

= |Ni| + [Nao| + N3]

IN(a1)| + [N (ap) \ {a1}] — [ N4
|E(P)| — [ N4

= |E(P)| - |E4].

IN

Thus |E(P)\ ._, Fi| > |E4|. Let @, be an injection ofE, to E(P)\ U._, Fi
and let Fy = {pa(e) | e € E4} . Note thatFy, , F,, F3 and F, are disjoint.

Assume thataia; € Ey and Q1 = a;—16i—2...a10;0;+1...a, . Then, since
w(@1) < w(P), wl(ara;) < w(pi(aia;)). By the similar argument as above, we
have w(e) < w(yi(e)) forall e € E; U E5. Supposea; € No. Then we have
aj—10p € E,. LetC be acyC|eaj(l1a2 s Qj—10pQp—1 . . . Qj ande = @Q(ijlap) .
Sincee € E(C), Q2 = C — e is apathinG. Then it follows from the fact
w(Q2) < w(P) that w(aia;) + w(aj—1ap) < w(er(ara;)) + w(pa(a;-1ap)) for
all a; € N, . Therefore, ifaia, ¢ E(G),

d“(a) +d¥(ap) = Z w(av) + Z w(ayv) + Z w(vay) + Z w(vay)

vENL vEN2 vEN3 vENy

= > wle)+ > we)+ Y (wlaray) +wlaj_1a,))
ecE; eckEs a;jEN3

< Y wle)+ Y wle)+ Y wle)+ Y wle)
ecF, ecFs ecF> ecFy

< w(P),
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which implies the assertion. And in case @fa, € E(G),

d¥(a) +d¥(ap) = Z w(a1v) + Z w(av) + Z w(vay) + Z w(vay) +w(aiap)

vEN; vEN2 vEN3 vEN,

= Y wle)+ > wle)+ Y (wlara;) +wla;-1ap)) +wlaray)

eck ecEs aj €Nz

< Y wle)+ > wle)+ Y wle)+ Y wle) +wlaray)

ecFy ecFs ecFy ecFy
< w(P)+ w(aiap).

Hence the cyclen; Paya, has weight at least™ (aq) + d*(a,) , which implies the
assertion. O

Now we prove Theorem 0.2 by using Lemma 1 and the following lemma.

Lemma 2 (Bondy and Fan [2]). Let G be a 2 -connected weighted graph and 1&
be a heaviest path ii7 with endverticesr and y . Then there exists acycl€ in G
such thatw(C) > w(P) or w(C) > d¥(z) + d¥(y) .

proof of Theorem 2.Let P be a longest heaviest path @&, and letz, y be endver-
tices of P. SinceG is triangle-free andV (z), N(y) C V/(P), |N(x)| < |V(P)|/2
and |N(y)| < |[V(P)|/2. Moreover, if xzy ¢ E(G), |N(z) < ([V(P)| —1)/2
and |N(y)| < (JV(P)| — 1)/2. Hence, whether: and y are adjacent or not, we
have d(z) + d(y) — e(zy) < |E(P)|. In case ofzy € E(G), Lemma 1 im-
plies the existence of a cycle of weight at lea&t(x) + d“(y) > 2d, which is

a required cycle. Thus we may assume ¢ E(G), then Lemma 1 implies that
w(P) > d*(z) +d“(y) > 2d . Now it follows from Lemma 2 that there exists a cycle
C in G such thatw(C) > w(P) > 2d or w(C) > d¥(z) + d*(y) > 2d, which is

a required cycle. a
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