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Abstract

Let G be a 2 -connected weighted graph such that the minimum weighted
degree is at leastd . In [1], Bondy and Fan proved that eitherG contains a cycle
of weight at least2d or every heaviest cycle inG is a hamiltonian cycle. IfG
is not hamiltonian, this theorem implies the existence of a cycle of weight at least
2d , but in case ofG is hamiltonian we cannot decide whetherG has a heavy
cycle or not. In this paper, we prove that ifG is triangle-free, thenG has a cycle
of weight at least2d even in case ofG is hamiltonian.
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1. Introduction

We only consider undirected graphs which have no loops or multiple edges. LetV (G)
and E(G) denote the set of vertices and the set of edges of a graphG , respectively.
A weighted graph is one in which every edgee is assigned a nonnegative real number
w(e) , called theweightof e . For a subgraphH of G , theweightof H is defined
by

w(H) =
∑

e∈E(H)

w(e).

For each vertexv ∈ V (G) , NG(v) is the set, anddG(v) the number, of neighbors
of v in G . We define theweighted degreeof v in G by

dw
G(v) =

∑
u∈NG(v)

w(uv).

Let x and y be distinct vertices inG . We define

εG(xy) =
{

0 if xy /∈ E(G)
1 if xy ∈ E(G).

When no confusion occurs, we denoteNG(v) , dG(v) , dw
G(v) and εG(xy) by

N(v) , d(v) , dw(v) and ε(xy) , respectively.
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A cycle which contains all the vertices of a graph is called ahamiltonian cycle. If a
graph G has a hamiltonian cycle, then we callG hamiltonian. A triangle-freegraph
is one which contains no cycle of length3 . Moreover, we call a pathP a longest
heaviest pathof G if

(i) w(P ) is maximum, and

(ii) P is a longest path ofG subject to (i).

In [1], Bondy and Fan proved the following theorem.

Theorem 0.1 (Bondy and Fan [1]).Let G be a 2 -connected weighted graph and let
d be a nonnegative real number. Ifdw(v) ≥ d for every vertexv in G , then

(a) G has a cycle of weight at least2d , or

(b) every heaviest cycle inG is a hamiltonian cycle.

If we consider the weighted complete graph in which every edge has weight1 ,
we know that conclusion (b) of Theorem 0.1 cannot be dropped. However, there are
a lot of graphs in which both (a) and (b) of Theorem 0.1 hold and we cannot obtain
the existence of a heavy cycle by this theorem. In this paper, we prove that ifG is a
triangle-free weighted graph, we can find a heavy cycle even ifG is hamiltonian. Our
main result is the following.

Theorem 0.2. Let G be a 2 -connected triangle-free weighted graph and letd be a
nonnegative real number. Ifdw(v) ≥ d for every vertexv in G , then G has a cycle
of weight at least2d .

2. Proof of Theorem 2

In our proof of Theorem 0.2, the following lemma is essential.

Lemma 1. Let G be a weighted graph and letP be a longest heaviest path ofG
with endverticesx and y . Assume that

d(x) + d(y)− ε(xy) ≤ |E(P )|.

Then

• if xy /∈ E(G) , then P has weight at leastdw
G(x) + dw

G(y) , and

• if xy ∈ E(G) , then the cyclexPyx has weight at leastdw
G(x) + dw

G(y) .

Proof. Let P = a1a2 . . . ap be a longest heaviest path ofG where a1 = x and
ap = y . Then we haveN(a1) ⊆ V (P ) and N(ap) ⊆ V (P ) . Let

• N1 = {ai | ai ∈ NG(a1), ai−1 /∈ NG−a1(ap)} ,

• N2 = {ai | ai ∈ NG(a1), ai−1 ∈ NG−a1(ap)} ,
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• N3 = {ai | ai ∈ NG−a1(ap), ai+1 /∈ NG(a1)} and

• N4 = {ai | ai ∈ NG−a1(ap), ai+1 ∈ NG(a1)} .

Moreover, let

E1 = {a1v | v ∈ N1}, E2 = {a1v | v ∈ N2}, E3 = {vap | v ∈ N3} andE4 = {vap | v ∈ N4}.

Now we define a mappingϕ1 of
⋃3

i=1 Ei to E(P ) such that

• for e = a1ai ∈ E1 ∪ E2 , ϕ1(e) = ai−1ai and

• for e = aiap ∈ E3 , ϕ1(e) = aiai+1 ,

and letFi = {ϕ1(e) | e ∈ Ei} for i = 1, 2, 3 . Now it is easy to see thatF1∩F2 = ∅ .
And by the definition ofE3 , ai+1 /∈ N(a1) if aiap ∈ E3 , henceF1 , F2 and F3

are disjoint.

It follows from the factd(x) + d(y)− ε(xy) ≤ |E(P )| that

3∑
i=1

|Fi| = |E1|+ |E2|+ |E3|

= |N1|+ |N2|+ |N3|
= |N(a1)|+ |N(ap) \ {a1}| − |N4|
≤ |E(P )| − |N4|
= |E(P )| − |E4|.

Thus |E(P ) \
⋃3

i=1 Fi| ≥ |E4| . Let ϕ2 be an injection ofE4 to E(P ) \
⋃3

i=1 Fi

and let F4 = {ϕ2(e) | e ∈ E4} . Note thatF1 , F2 , F3 and F4 are disjoint.

Assume thata1ai ∈ E1 and Q1 = ai−1ai−2 . . . a1aiai+1 . . . ap . Then, since
w(Q1) ≤ w(P ) , w(a1ai) ≤ w(ϕ1(a1ai)) . By the similar argument as above, we
have w(e) ≤ w(ϕ1(e)) for all e ∈ E1 ∪ E3 . Supposeaj ∈ N2 . Then we have
aj−1ap ∈ E4 . Let C be a cycleaja1a2 . . . aj−1apap−1 . . . aj and e = ϕ2(aj−1ap) .
Since e ∈ E(C) , Q2 = C − e is a path in G . Then it follows from the fact
w(Q2) ≤ w(P ) that w(a1aj) + w(aj−1ap) ≤ w(ϕ1(a1aj)) + w(ϕ2(aj−1ap)) for
all aj ∈ N2 . Therefore, ifa1ap /∈ E(G) ,

dw(a1) + dw(ap) =
∑

v∈N1

w(a1v) +
∑

v∈N2

w(a1v) +
∑

v∈N3

w(vap) +
∑

v∈N4

w(vap)

=
∑
e∈E1

w(e) +
∑
e∈E3

w(e) +
∑

aj∈N2

(w(a1aj) + w(aj−1ap))

≤
∑
e∈F1

w(e) +
∑
e∈F3

w(e) +
∑
e∈F2

w(e) +
∑
e∈F4

w(e)

≤ w(P ),
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which implies the assertion. And in case ofa1ap ∈ E(G) ,

dw(a1) + dw(ap) =
∑

v∈N1

w(a1v) +
∑

v∈N2

w(a1v) +
∑

v∈N3

w(vap) +
∑

v∈N4

w(vap) + w(a1ap)

=
∑
e∈E1

w(e) +
∑
e∈E3

w(e) +
∑

aj∈N2

(w(a1aj) + w(aj−1ap)) + w(a1ap)

≤
∑
e∈F1

w(e) +
∑
e∈F3

w(e) +
∑
e∈F2

w(e) +
∑
e∈F4

w(e) + w(a1ap)

≤ w(P ) + w(a1ap).

Hence the cyclea1Papa1 has weight at leastdw(a1) + dw(ap) , which implies the
assertion. 2

Now we prove Theorem 0.2 by using Lemma 1 and the following lemma.

Lemma 2 (Bondy and Fan [2]). Let G be a 2 -connected weighted graph and letP
be a heaviest path inG with endverticesx and y . Then there exists a cycleC in G
such thatw(C) > w(P ) or w(C) ≥ dw(x) + dw(y) .

proof of Theorem 2.Let P be a longest heaviest path inG , and let x, y be endver-
tices of P . SinceG is triangle-free andN(x), N(y) ⊆ V (P ) , |N(x)| ≤ |V (P )|/2
and |N(y)| ≤ |V (P )|/2 . Moreover, if xy /∈ E(G) , |N(x)| ≤ (|V (P )| − 1)/2
and |N(y)| ≤ (|V (P )| − 1)/2 . Hence, whetherx and y are adjacent or not, we
have d(x) + d(y) − ε(xy) ≤ |E(P )| . In case of xy ∈ E(G) , Lemma 1 im-
plies the existence of a cycle of weight at leastdw(x) + dw(y) ≥ 2d , which is
a required cycle. Thus we may assumexy /∈ E(G) , then Lemma 1 implies that
w(P ) ≥ dw(x) + dw(y) ≥ 2d . Now it follows from Lemma 2 that there exists a cycle
C in G such thatw(C) > w(P ) ≥ 2d or w(C) ≥ dw(x) + dw(y) ≥ 2d , which is
a required cycle. 2
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