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Abstract

A tree R such that after deleting all leaves we obtain a p#this called a
caterpillar. The path P is called thespineof the caterpillar R . If the spine
has length 3 and? on 2n vertices contains vertices of degreesr, s, 2, where
r,s > 2, and if a vertex of degree: is an internal vertex of the spine then we
say thatR is an [n,, s, 2] -caterpillar with maximum centesf diameter 5. We
completely characteriz&k+1, r, s, 2] -caterpillars of ordedk +2 and diameter
5 with maximum center that factorize the complete gragh. - .

Keywords: Decompositions and factorizations of complete graphs, spaning trees,
blendedp -labeling, caterpillars .

1. Introduction

Let G be a simple graph with at most vertices. A graphH with n vertices has
a decompositionnto subgraphsGg, G1,Gs,...,G, if each edge ofH belongs to
exactly oneG; . When all subgraphs7;,0 < i < s, are isomorphic to a grapty , we
say thatH has aG -decompositionlf G has exactlyn vertices and none of them is
isolated, thenGG is called afactor and the decomposition is calledG -factorization
of H.

Graph factorizations have been extensively studied for many years. Special attention
has been paid to isomorphic factorizations. Among graphs whi@skctorizations
have been sought, the most popular ones are the obvious candidates—complete graphs
and complete bipartite graphs (see, e.g., [2,11]). In this paper we concentrate on iso-
morphic factorizations of complete graphs into spanning trees and in particular into
spanning caterpillars of diameter 5.

A simple arithmetic condition shows that only complete graphs with an even number
of vertices can be factorized into spanning trees. Moreover, every spanning tree, which
factorizes K, , satisfies thenaximum degree conditipmvhich means that for each
vertex v in such a tree or2n vertices it holds thatleg(v) < n.

It is a part of graph theory folklore that each grapty,, can be factorized into
hamiltonian pathsP,,, . On the other hand, it is easy to observe that e&tl can
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be also factorized into double stars; that is, two stArs,_; joined by an edge with

the endvertices in the centers of both stars. The first attempt to fill the gap between
these two extremal cases was P. Eldergill's thesis [1], where he dealt with symmetric
trees. Some classes of non-symmetric trees were examined b§ekri#)4], Frotek

and the author [6], and by the author [7]. Other papers on caterpillars of diameter 5 of
types not included in this paper are under preparation. In [5]d&bproves that some
classes of caterpillars of diameter 4 and 5 do not factorize complete graphs of order
2n.

Results in this paper give a complete characterization of certain class of caterpillars
of order 4k + 2 and diameter 5, called2k + 1, r, s, 2] -caterpillars with maximum
center that factorize the complete grapfy, o . An exact definition of this class of
graphs is given in Section 2.

The labeling used in constructions in this paper exists only for graphs 4¥ith
2 vertices. Therefore, we examine just a special class of caterpillars of diameter 5,
namely the caterpillars of ordetk + 2 with an internal vertex of the spine of degree
2k 4+ 1 and with exactly one vertex of degree 2. The reason why we do not present
here a more general class is that the other caterpillars with one vertex of degree 2
or the caterpillars with two or none vertices of degree 2 require many different and
usually very long constructions. The results for the remaining classes are already in
preparation.

2. Definitions and notation

A labelingof G with at most2n + 1 vertices is an injectiom\ : V(G) — S,
where S is often a subset of the s€), 1, ..., 2n} —however, in this paper we have
S ={00,10,...,(n—1)9,01,14,...,(n—1)1}. The labels of vertices;, v , denoted
A(u) =14, \(v) = j, respectively, where, j € S, induce uniquely théength ¢(e) of
the edgee = (u, v) with endverticesu, v . All labelings used here are generalizations
of labelings introduced by A. Rosa [9,10].

The following definition was introduced in [4].

Let T' be a tree with2n = 4k + 2 vertices, V(T) = Vo UV, Vo NV = 0,
and |Vp| = |Va1| = 2k + 1. Notice that the set§;, and V; arenotthe partite sets
of T'. Because we are factorizing the complete graph into isomorphic spanning trees,
every vertex of the complete graph appears in every factor. Therefore, the labeling
is a bijection fromV (T") to {0g, 1g,...,(n — 1)0,01,11,...,(n — 1)1} and V4 is
the set of vertices labelefl, 1o, ..., (n — 1), and V; is the set of vertices labeled
01,1¢,..., (’I’L — 1)1 .Let X bea bijection,)\ Vi — {Ow 1;,24, ..., (Qk)z},l =0,1.
Thepure lengthof an edge(z;, y;) with z;,y; € V;,i € {0,1} is defined as follows:
If /\(Z‘L) =a; and )\(y,) =b;,then gii(xi, yi) = min{|a - b|, 2k+1— \a — b|} for
i =0,1. Themixed lengttof an edge(zo, y1) wWith A(zg) = ap and A\(yy) = by, is
defined asly; (zo,y1) = b —a mod (2k + 1) for zy € Vp, 11 € Vi . We say thatT’
has ablendedp -labelingor justblended labelingf

1. {Eu('xwyz)“xwyz) € E(T)} = {172a LRI k} for 1= 07 1 ’

2. {£01($0,y1)|($0,y1) S E(T)} = {0, 1,2,... ,2/41} .
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To simplify our notation, we often unify vertices with their respective labels. We
will say “a vertex a; " rather than “a vertexz with A(z) = a;”. Similarly, we will
say “an edge(a;, b;) " rather than “an edgery , where A(z) = a; and A(y) = b; "

Notice that the lengths of pure and mixed edges are computed differently. Suppose
we have the complete grapi4 with the vertex label9y, 1¢,...,60,01,17,...67.
Then both the edgeély, 39) and (1o, 69) have the pure lengtk . On the other hand,
the edge(1y, 31) hasthe mixed lengtR while the edge(14, 3) has the mixed length
5. Similarly, the edge(1y,6,) has the mixed lengtts while the edge(6y,1;) has
the mixed length2 .

It was proved in [4] that a tre@" of order 4k + 2 with a blended labeling allows a
T -factorization of K44 .

We want to characterize some classes of treestbnt+ 2 vertices of diameter
5, which allow a blended -labeling. Since the factorization into hamiltonian paths
Pyj+2 is well-known, we start our work with the caterpillars. From now on we will
only consider caterpillars withk + 2 vertices.

Atree R such that after deleting all leaves we obtain a p&ttor a trivial graph is
called acaterpillar. The path P is called thespineof the caterpillarR .

Itis clear that the caterpillars otk +2 vertices of diameter 2 are the stal§ 451 ,
which clearly do not satisfy the maximum degree condition. The caterpillars of order
4k + 2 with diameter 3 are the double stars mentioned above. Therefore, the first
interesting case is the class of caterpillars of diameter 4. The results obtained in [5]
and [7] give the complete characterization of the caterpillars of ormdes- 2 with
diameter 4, which factorize the complete graplg;» . Hence, we continue with
the caterpillars otk + 2 vertices of diameter 5. Recall that R is acaterpillar of
diameter Bthen the spine ofR has four vertices.

Let the spine of a caterpillaR? of diameter 5 have verticed, a,b, B and edges
Aa,ab,bB. Then we see that the endvertices of the spinefofof diameter 5
are denoted byA, B and the internal vertices are denoted byb. If deg(A) =
dy,deg(a) = do,deg(b) = ds,deg(B) = dy, then such a caterpillar will be called
a (dy,ds,ds,dy) -caterpillar. If we specify just the degrees of the vertices, say as
ry > 1o > 13 > g, Without specifying their location on the spine, then we will denote
R as anlry,rq, 3, 4] -caterpillar.

If dega =2k+1 or degb =2k+1 and R has4k + 2 vertices, then we call this
caterpillar a2k + 1, r, s, 2] -caterpillar with maximum centeRecall that no vertex of
R of order 2n that factorizesK,,, can have degree more than

Notice that we deal only with trees withk+2 vertices, since trees witlk vertices
do not allow a blended labeling (see [6]). A complete characterizatiom,af 2, 2] -
caterpillars of ordertk +2 and diameter 5, wherg < r, s < 2k+1, was given in [5]
and [8]. Recall that we know that every caterpillar with vertices and diameter 5 that
factorizes K5,, and has exactly one vertex of degree 2 must contains a vertex of degree
at leastn — 1 (see [5]). We do not present here a more general class of the caterpillars
of order 4k + 2 and diameter 5 that factoriz& 4, because the proofs require many
different and usually very long constructions. The results for the remaining classes are
already in preparation.
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We conclude this section with the main result of this paper that will be proved in
Section 3.

Theorem 2.1. Each [2k + 1, r, s, 2] -caterpillar of order 4k + 2 and diameter 5 with
maximum center factorizekK ;o for every possibler, s, where2 < r;s < 2k — 1
and k > 3.

3. [2k+ 1,1, s,2] -caterpillars with maximum center

We will use the following results to prove Theorem 2.1.

Lemma 3.1.1.[7] Let T' be a tree with a blendeg -labeling A\ and x,y be arbitrary
vertices of 7' such thatx € V; and y € V; . Then there exists a blendegd-labeling
A such that)' (z) = 0p and X (y) =0y .

The proof is straightforward and can be found in [7].

Lemma 3.1.2. [8] Let T' be a tree ondk + 2 vertices, which allows a blendeg -
labeling. Then}_, v, deg(i) = v, deg(j) =4k + 1.

It is clear that fork = 2 and 2 < r,s < 2k — 1 there does not exist £k +
1,7, s,2] -caterpillar of orderdk + 2. Therefore we will further consider jug2k +
1,r, s, 2] -caterpillars of ordertk + 2, where k > 3. We see that al[2k + 1,7, s, 2] -
caterpillars of order4k + 2 with maximum center are isomorphic either @k —
m,2k +1,2,m + 1) -caterpillarif r =2k —m,s=m+1 and2 <m < 2k —3 or
to (2,2k+1,m+2,2k —m —1)-or 2k —m — 1,2k + 1, m + 2, 2) -caterpillar if
r=m-+2,s=2k—m-—1and1<m<2k—4.

Recall that every tred” with a blended labeling has vertices labeled so that=
{00,10,..., (Qk)o},V1 = {01, 14,..., (Qk)l} and V(T) = WU Vl,‘/O nv; = 0.
Therefore, in all following constructions we assume that the vertices are already labeled
and then join them by edges, keeping in mind that we need to construg2the
1,r, s, 2] -caterpillar with maximum center while obtaining exactly one edge of each
mixed length from0 to 2k and exactly one edge of every pure length franto & in
each partite set.

Lemma 3.1.3. All (2k — m, 2k + 1,2, m + 1) -caterpillars of order 4k + 2 and
diameter 5 allow a blendeg -labeling for everym , 2 < m < 2k — 3, if k is even.

Proof. By constructions. Letk = 2¢. Notice that for some values ofn in

the following constructions it can happen that we get an edge sequence of type
(@i, a;5), (x5, (a + 1)), (xs, (@ + 2);), ..., (x;,b;), where a > b. In this case this
sequence is indeed empty.

Case l.Let R be a(2k —m,2k + 1,2,m + 1) -caterpillar, wherem = 2p + 1 and
3<m < k—1.Furthermore,letd =0y,a =09,b=1;,B=(k+1);.

Then R contains

(i) pure 00 -edges(0g, (k+1)o), (0o, (k+2)0), ..., (00, (2k)o) oflengthsk, k—1, ...,1,
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(i) pure 11 -edges((k + 1)1, (k+qg—p+ 1)1),((k+ 1)1, (k+qg—p+ 2)1), ...,
((k+1)1,(k+q¢+p+1);) oflengthsq —p,g —p+1,...,q+p and (01, (k +
2)1),((01, (k+3)1), ..., ((01, (k+¢—p)1) oflengthsk—1,k—2,....¢q+p+1,and
(01, (k+q+p+2)1),01,(k+qg+p+3)1),...,(01,(2k);) oflengthsq —p—1,
g—p—2,..,1,and 11 -edge(14,(k 4+ 1);) oflength k£, and

(iii) mixed edges(0o, 01), (09, 11), (00, 21), (00,31), ..., (0g, k1) Of lengths0,1,.... k
and (01, ].()), (01, 20), ceny (01, k()) of |engths2k, 2k —1, ey k+1.

If we replace in the previous construction the edge + 1), (k+ ¢ + 1);) of length
q by the edge(04, (k+¢+1)1) oflength ¢ then we obtain the construction for every
meven2<m<k—2.

Case 2.Let R be a(2k —m,2k+1,2,m+ 1) -caterpillar, wherem is even,k < m
<2k—2andm—(k—1) =2p+1. Furthermore, letA = 0;,a =09,b=1;,B =
(k+1);.NotethatR isa (2,2k + 1, 2,2k — 1) -caterpillar form = 2k — 2, but we
will need it for the construction of thé3, 2k + 1, 2, 2k — 2) -caterpillar.

Then R contains

(iv) pure 00 -edges (0o, (¢ — p)o), (0o, (¢ — p + 1)o), -+, (0o, (¢ + p)o) Of lengths
q—Dp, q—p+1, Y and (00, (k‘+1)0), (007 (k‘+2)0), ey (007 (k+q—p)0) of Iengths
k,k—1,...,q+p+1,and (0o, (k+q-+p-+2)o), (0o, (k+g+p+3)o), ..., (00, (2k)o)
oflengthsq—p—1,¢q—p—2,...,1,

(v) pure 11 -edges(1,, (k+1);) oflengthk and ((k+1)1, (k+2)1), (k+1)1, (k+
3)1), .., ((k + 1)1, (2k)1) oflengths1,2,....k — 1, and

(vi) mixed edges (09,01),(00,11),...,(00,k1) of lengths 0,1,... .k
and (01, 1p), (01,20), ---, (01, (¢ —p — 1)) oflengths2k,2k —1,...,3¢+p+2, and
(01, (g+p+1)0), (01, (g+p+2)0), ..., (01, ko) Oflengths3¢—p,3¢—p—1,....k+1,
and ((k+1)1, (k+q—p+1)o), (k+1)1, (k+q¢—p+2)o), ..., (k+1)1, (k+q+p+1)o)
oflengths3q¢+p+1,3¢g+p,...,3¢—p+1.

If we replace in the previous construction the edge + 1), (k + ¢ + 1);) of length
g by the edge(04, (k+¢+1)1) oflength ¢ then we obtain the construction for every
modd, k—1<m<2k—3. O

Lemma3.1.4.A (2k—m, 2k+1,2,m+1) -caterpillar of order 4k +2 and diameter
5 allows a blendedp -labeling for everym , 2 < m <2k — 3, if k is odd.

Proof. By constructions. Lett = 2¢ + 1.

Casellet R bea(2k—m,2k+1,2, m+1) -caterpillar, wherem iseven,2 < m <
k—1andm—1=2p+1. Furthermore, letA = 0y,a = 09, b = (k+1)1,B =k .

Then R contains

(i) pure 00 -edges (0o, ko), (0o, (k + 2)0), (0o, (k + 3)0), ..., (00, (2k)o) of lengths
kk—1,k—2,...1,

(i) pure 11-edges (01, (k + 2)1), (01, (k + 3)1),..., (01, (k + ¢ — p)1) of lengths
k_la k_za sy q_|_p+2 ’ and (Ola (k+q+p+2)1)7 (017 (k+q+p+3)1)a ceey (017 (2k_
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1)1) oflengthsq —p, g —p—1,...2,and (k1, (k +¢q—p+1)1), (k1,(k +¢—p+
2)1), ., (k1,(k+q+p+1)) oflengthsq—p+1,g—p+2,....,q+p+1,and
(k1, (k+1)1), (k1, (2k)1) oflengths1, %, and

(III) mixed edges (00,01),(00,11),...(00,(1{3 — 1)1),(00,<I€ + 1)1) of Iengths
0,1,...k—1,k+1 and (01,10),(01,20),...,(01,(]f—l)o),(ol,(k—Fl)o) of |engths
U2k — 1, k42, k.

If we replace in previous construction the -edge (k1, (k+ ¢+ 1)) oflength g+ 1
by the edge(04, (k + ¢ + 1)1) of length ¢ + 1 then we obtain the construction for
everym odd, 1 <m<k—2.

Case 2.Let R be a(2k —m,2k+1,2,m + 1) -caterpillar, wherem is odd, k < m
<2k—3andm — (k—1) = 2p+ 1. Furthermore, letA = 0;,a = 09,0 =
(k+1)1,B=Fk.

Then R contains

(iv) pure 00 -edges(0o, (¢—p+1)o), (00, (g—p+2)0); -, (0o, (¢+p+1)o) of lengths
Q*p‘i’l, Q*p‘i’?, . q+p+1 and (00, (k+2)0), (00, (k’+3)0, ey (Oo, (k’+(]7p)0)
of lengthsk — 1,k —2,....,¢g +p+2,and (0p,(k+ ¢+ p+2)), (00, (k+qg+p+
3)0), .-, (0g, (2k —1)g) oflengthsq—p,q—p—1,...,2,and (0o, ko), (09, (2k)o) Of
lengthsk, 1,

(v) pure 11 -edges(k1, (k + 1)1), (k1, (k + 2)1), ..., (k1, (2k)1) of lengths1,2, ...k,
and

(VI) mixed edges (00701),(00711),...(00,(1{) — 1)1),(00,<k + 1)1) of Iengths
0, 1,...,]6 — 1,]€ + 1 and (01710)7 (01,20),..., (017 (q — p)o) of Iengths 2]€,2]€ —
1,..,3¢ +p+ 3, and (01, (q +p+ 2)0), (01, (q +p+ 3)0), ceey (01, (k — 1)0) of
lengths3g —p+1,3¢ —p,....k+2,and (k1,(k+q¢—p+ 1)9), (k1,(k+q¢—p+
2)0)s .. (k1, (k+g+p+1)9) oflengths3g+p+2,3¢+p+1,...,3¢—p+2. Finally
we add the mixed edgé0q, (k + 1)o) of length & .

If we replace in previous construction thé -edge (k1, (k+¢+1);) oflengthg+1
by the edge(04, (k + ¢ + 1)1) of length ¢ + 1 then we obtain the construction for
everym even,k —1<m <2k —4. O

Lemma3.1.5.Lemma 3.5 A(2, 2k+1, m+2,2k—m—1) -caterpillar of order 4k +2
and diameter 5 allows a blendegd-labeling for everym , 1 < m <2k —4,if k is
even.

Proof. By constructions. Letk = 2q.

Case l.Let R be a(2,2k + 1,m + 2,2k — m — 1) -caterpillar, wherem is even,
2<m < k-2 andm = 2p. Furthermore, letd = (k — 2);,a = 09,0 = 01, B =
(k+1).

Then R contains

(i) pure 00 -edges(0o, 19), (00, 20), ..., (0o, (k — 1)o) and (0o, (k + 1)) of lengths
1,2,...,k—1 and &k,
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(i) pure 11-edges (04, (k + 1);) and ((k — 2)1,(2k);) of lengthsk and k — 1
and (01,(k+q—p+2)1),(01,(k+¢—p+3)1),...,((01,(k + g+ p)1) of lengths
g+p—1,g+p—2,..,q—p+1,and ((k+ 1)1, (k + 2);) oflength 1, and((k +
D1, (k+3)1),...,(k+ 11, (k+q¢—p+1);) oflengths2,...,¢ — p, and ((k +
D1, (k+q+p+1)1), (k+1)1,(E+q+p+2)1),.... (E+1)1,(2k—1)1) oflengths
q+p,q+p+1,..,k—2,and

(i) mixed edges (0y,0;) and (01,ko) of lengths 0,k + 1, and (0p,1;1),
(00,21) ,...,(Oo,kl) of |ength31,2, ...,k, and ((k + 1)1, (k + 2)0), ((k + ].)1, (k +
3)0), -, ((k+ 1)1, (2k)o) oflengths2k, 2k —1,....k + 2.

If we replace thell -edge (04, (k + ¢ + 1);) of length ¢ by the 11 -edge ((k +
1)1, (k + ¢ + 1)1) of length ¢ then we obtain the construction for every odd,
1<m<k-3.

Case 2.Let R be a (2,2k + 1,m + 2,2k — m — 1) -caterpillar, wherem is odd,
k—1<m<2k-3andm—(k—2)=2p+1. Furthermore, letA = (k —2)1,a =
00,b=01,B=(k+1);.

Then R contains

(iv) pure 00 -edges(0o, 1¢), (09, 20), ---, (00, (g—p—1)o) oflengths1,2,....q—p—1
and (0p, (¢+p+1)0), (0o, (g+0+2)0), -, (0g, (k—1)o) oflengthsg+p+1,q+p+
2,...k—1,and (0, (k+qg—p+1)o), (00, (k+qg—p+2)0), ---, (00, (k+q+p+1)o)
of lengthsq + p,q+p—1,...,¢ — p, andfinally (0, (k + 1)o) of length &,

(v) pure 11 -edges(01, (k + 3)1), (01, (k + 4)1), ..., (01, (2k — 1);) of lengthsk —
2,k-3,...,2 and (01, (k+1)1), (k+1)1, (k+2)1),and ((k—2)4, (2k);) oflengths
k,1andk—1,and

(vi) mixed edges(0o,01), (0o, 11),..., (09, k1) of lengths 0,1,...,k and (01, (¢ —
)o), (01, (¢—p+1)o),...,(01,(¢+p)o) oflengths3p+p+1,3¢+p,...,3¢—p+1,
and ((k+ 1)1, (k+2)0), (k + 1)1, (k +3)o, ..., (k + 1)1, (k + ¢ — p)o) of lengths
2k,2k —1,..,3¢+p+2,and ((k+ 1)1, (k+q+p+2)), (k+1)1,(k+qg+p+
3)0)s -, (K + 1)1, (2k)o) oflengths3q —p,3¢ —p —1,...,k + 2, and finally mixed
edge (01, ko) oflengthk + 1.

If we replacell -edge (01, (k+q+1);) oflength ¢ by the 11 -edge ((k+1)4, (k+
g+ 1)1) oflength ¢ then we obtain the construction for eveny even, k —2 < m <
2k — 4. O

Lemma3.1.6.Lemma 3.6 A2, 2k+1, m+2,2k—m—1) -caterpillar of order 4k +2
and diameter 5 allows a blendegd-labeling for everym , 3 < m < 2k —4,if k is
odd.

Proof. By constructions. Let = 2g + 1.

Case l.Let R be a(2,2k + 1,m + 2,2k — m — 1) -caterpillar, wherem is even,
4<m<k-—1andm—3=2p+ 1. Furthermore, letA = (k — 3)1,a = 09,b =
0,,B=k .

Then R contains



142 FACTORIZATIONS OF COMPLETE GRAPHS

(i) pure 00 -edges(0q, 20), (00, 30), ---, (00, ko) Of lengths2,3, ...,k and (0o, (2k)o)
of length 1, and

(i) pure 11 -edges(04, k1), (01, (2k)1), (k1, (kK +2)1) and ((k — 3)1, (2k — 1)1) of
lengthsk, 1,2, andk—1, and (01, (k+q¢—p+1)1), (01, (k+¢—p+2)1), ..., (01, (k+
g+p+1);) oflengthsg+p+1,¢+p,....q—p+1,and (ki, (k+ 3)1), (k1, (k +
4)1), ..., (k1, (k+q—p)1) oflengths3,4,....q—p,and (k, (k+q+p+2)1, (k1, (k+
g+p+3)1),...,(k1,(2k — 2);) oflengthsq+p+2,q+p+3,..,k—2,and

(i) mixed edges (0g,01), (0o, 11), ..., (00, (k — 1)1),(00, (k + 1)1) of lengths
0,1,....,k—1 and k+ 1, further (ki, (k4 2)o), (k1, (k+3)o), ..., (k1, (2k — 1)o) of
lengths2k — 1,2k — 2, ...,k + 2, and finally mixed edge$0+, 19)and(01, (k + 1)o)
of lengths 2k and k.

Case 2.Let R be a (2,2k + 1,m + 2,2k — m — 1) -caterpillar, wherem is odd,
k<m<2k—-3andm— (k—1) =2p+ 1. Furthermore, letA = (k — 3)1,a =
00,b=01,B =ky .

Then R contains

(iv) pure 00-edges (0o, ko), (0o, (2k)o) of lengths k,1, and (0o, 20), (00,30)
v (00, (¢ — p)o) of lengths 2,3,....q — p, and (0o, (¢ + p + 2)0), (00, (¢ +
p + 3)o)y s (00, (k — 1)) of lengths ¢ + p + 2,¢ + p + 3,..,k — 1, and
(00,(k+q—p+1)),(00,(k+qg—p+2)0),---, (00, (k+ g+ p+ 1)) of lengths
qg+p+1l,q+p,...,q—p+1,and

(v) pure 11 -edges(01, k1), (01, (2k)1), (k1, (k +2)1) and ((k — 3)1, (2k — 1)1) of
lengthsk,1,2, and k — 1, and (01, (k + 3)1), (01, (k + 4)1), ..., (01, (2k — 2)1) of
lengthsk — 2,k —3,...,3, and

(vi) mixed edges (04, 1p), (01, (k + 1)9) of lengths 2k, %k, and (01,(¢ — p +
1)0),(01,(g — p + 2)0), ..., (01,(¢ + p + 1)9) of lengths 3¢ + p + 2,3¢ + p +
1,..,3¢ — p+ 2, and (1{31,<k‘ + 2)0),(k1,<k + 3)0)7...,(]@’17(]{3 +q - p)O) of
lengths 2k — 1,2k — 2,...,3¢ + p+ 3, and (k1, (kK + ¢+ p + 2)o), (k1, (K + g +
p+ 3)o),..., (k1,(2k — 1)¢) of lengths 3¢ — p + 1,3¢ — p, ...,k + 2, and finally
(00,01), (00, 11), ceey (00, (k — 1)1)and(00, (k + 1)1) of |ength3 0,1,....k—1 and
k+1.

If we replace in the previous constructiom$ -edge (01, (k+¢+1);) oflengthq+1
by the edge(k1, (k + ¢ + 1)1) of length ¢ + 1 then we obtain the constructions for
everym odd, if 3 <m < k—2,andforeverym even,ifk—1<m <2k—4. O

Lemma3.1.7.Lemma3.7 A2, 2k+1, m+2,2k—m—1) -caterpillar of order 4k +2
and diameter 5 allows a blended-labeling for m = 1,2 if & is odd.

Proof. Proof By constructions. Lek = 2¢ + 1.

Case 1.Let R bea(2,2k + 1,m + 2,2k — m — 1) -caterpillar on4k + 2 vertices,
where m = 1. Furthermore, letA = (k — 2)1,a = 09,0 =01, B=(k+ 1)1 .

Then R contains
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(i) pure 00-edges (0o, o), (00, 20), ---; (0o, ( — 1)o), (00, (k + 1)) of lengths
1,2,....k—1,k,and

(ii) pure 11 -edges((k — 2)1, (2k)1), (01, (k + 1)1) of lengthsk — 1,k , and ((k +
1)1, (k4+2)1), ((k+1)1,(k+3)1), ..., (k+1)1,(2k—1);) oflengths1,2,....k—2,
and

(iii) mixed edges (01, ko) of length £ + 1, and (0o, 01), (0p,11), ..., (0, k1) oOf

Iengthsoa la ey k ’ and ((k+1)17 (k+2)0)7 ((k+1)1) (k+3)0)5 7( k+1)17 (Qk)o)
of lengths2k,2k — 1,....k + 2.

Case 2.Let R be a(2,2k + 1,m + 2,2k — m — 1) -caterpillar on4k + 2 vertices
for k > 3 and m = 2. Furthermore, letA = (k — 2);,a = 09,b = k1, B =0, .

Then R contains

(iv) pure 00 -edges (0o, (k + 1)o), (0g, (k 4+ 2)0), ..., (0o, (2k)o) of lengths k, k —
1,...,1,and

(V) pure 11 -edges(k1, (k+g+1)1), (01, (2k)1), (01, k1) and ((k—2)1, (k+q)1) of
lengthsg+1,1,k and g+2, further (01, (2k —1)1), (01, (2k —2)1), ..., (01, (k+g+
2)1) oflengths2,3,...,q,and (01, (k+¢—1)1), (01, (k+q—2)1), ..., (01, (k+2)1)
of lengthsqg +3,¢+4,....,k—1,and

(vi) mixed edges(0g, 11), (0o, 21), ..., (0o, k1), (00, (k+1)1) oflengths1,2, ... k k+
1,and(01,19), (01,20), ..., (01, (k—1)o) oflengths2k,2k—1,...,k+2,and (ko, k1)
of length 0.

Case 3.Let R bea(2,2k+1,m+ 2,2k —m — 1) -caterpillar with4k + 2 vertices,
where k = 3 and m = 2. Furthermore, letA = 11,a = 0p,b =01, B = 57 .

Then R contains
(vii) pure 00 -edges(0o, 1¢), (0o, 40), (00, 50) of lengths1,3,2,
(viii) pure 11 -edges(01,51), (11,41), (51,61) oflengths2,3 and 1,

(ix) mixed edges (09,01),(0o,11),(00,21), (00,31) of lengths 0,1,2,3, and
(01,20), (01,30) of lengths5, 4, and (51,6¢) of length 6. O
Lemma 3.1.8.Lemma 3.8 A2k—m—1,2k+1,m+2, 2) -caterpillar of order 4k +2

and diameter 5 allows a blendegd-labeling for everym , 1 < m < 2k —4,if k is
even.

Proof. Proof By constructions. LeR be a (2k —m —1,2k+ 1, m + 2, 2) -caterpillar
with 4k + 2 vertices and letc = 2q .

Case l.Let m beeven2 <m < k—2 andm = 2p. Furthermore, letA = 0,,a =
00, b=(k—1);,B=(2k—1);.

Then R contains

(i) pure 00-edges (0g, (k + 1)9), (0o, (k + 2)0), ..., (00, (2k)o) of lengths k, k —
1,..,1,
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(i) pure 11-edges (01, (k + 2)1), (01, (k + 3)1), ..., (01, (k + ¢ — p)1) of lengths
k—1,k—2,....q+p+1 and (01, (k+q+p)1), (01, (k+g+p+1)1), ..., (01, (2k—2)1)
oflengths¢g—p+1,q—p,...,3,and ((k—1)1,(k+q¢—p+1)1),((k—1)1,(k+q—
p+2)1),..,((k—1)1,(k+q+p—1);) oflengthsq—p+2,g—p+3,...,q+p,
and finally ((k — 1)1, (K + 1)1), ((k — 1)1, (2k — 1)1), ((2k — 1)1, (2k)1) of lengths
2,k,1,and

(i) mixed edges (0¢,01),(00,11),...,(00,k1) of lengths 0,1,..,k, and
(01,10),(01,20),...,(01,]€0) of |ength32k,2k— 1,,k+ 1.

If we replacell -edge ((k—1)1, (k+q)1) oflength ¢+ 1 by the 11 -edge (04, (k+
q)1) oflength ¢+1 then we obtain the construction for every odd, 1 <m < k—3.

Case 2.Let m beevenk < m < 2k —4, m — (k—2) = 2p. Furthermore, let
A:01,a:00,b: k‘l,B = (2k)1 .

Then R contains

(iv) pure 00 -edges(0o, (¢ —p+1)o), (0o, (¢ =P+ 2)o), ---, (0o, (¢ +p)o) of lengths
q—p+1,q—p+2,....q+p and (0g, (k + 1)o), (00,(k+2) )y -5 (00, (K +q—p)o)
of lengths k,k — 1,....,¢ + p+ 1, and (0o, (k + ¢ + p + 1)o), (00,(k+q+p+
2)0)7-‘-7(007(2k)0) of |engthsq_paq_p 1.1,

(v) pure 11 -edges(k1, (k+1)1), (k1, (K 4+ 2)1), ..., (k1, (k+q¢—1)1), (k1, (K + g+
1), ..., (k1,(2k)1) of lengths1,2,....q — 1,q + 1,....,k and ((2k)1, (k + ¢)1) of
length ¢, and

(vi) mixed edges (0g,01),(09,11),...,(00,k1) of lengths 0,1,2,...k and
(01, 10), (01, 20), ey (01, (q—p)o) of IengthSZk, 2k — 1,...,3¢+p+1, and (017 (q—|—
p+ 1)o),(01,(¢ + p + 2)o), ..., (01, ko) of lengths 3¢ — p,3¢ —p — 1,....k + 1,
and (k1, (k +q —p+ 1)o), (k1, (k + ¢ — p+ 2)o), .., (k1, (k + g + p)o) of lengths
3q+p,3¢g+p—1,...3¢g—p+1.

Case 3.Let m beodd,k —1<m <2k—5, m— (k—2)=2p+ 1. Furthermore,
let A:01,a2007b= (k+1)1,B: (2k’)1

Then R contains

(vii) pure 00 -edges (0o, (¢ — p)o), (0o, (¢ — p + 1)o), ---, (0o, (¢ + p)o) of lengths
qg—p,q—p+1,...,q+p and (0, ko), (0o, (k + 2)0), ... (00, k + q — p) oflengths
ka k— ]-7 eeey Q+p+1 ’ and (OOa (k+Q+p+2)0)7 (007 (k+q+p+3) )7 ) (007 (Qk)())
oflengthsq —p—1,¢—p—2,...,1,

(viii) pure 11 -edges((k + 1)1, (k +2)1), ((k + D)1, (k + 3)1), ... (k + 1)1, (2k)1)
of lengths1,2,....k — 1 and ((2k)1, k1) oflength k, and

(ix) mixed edges (0y,01), (0p,11), ..., (00, (K — 1)1), (00, (kK + 1);) of lengths
0,1,2,..,k—1,k+1 and (017 10)7 (01, 20), . (01, (q—p— 1)0) of IengthSZk:, 2k —
L,...,3g+p+2,and (01, (g+p+1)o), (01, (¢g+p+2)o), -.-(01, (k—1)o), (01, (k+1)o)
oflengths3¢—p,3¢—p—1,...,k+2,k,and ((k+1)1, (k+q—p+1)o), ((k+1)1, (k+
q—p+2)o), ..., (k+1)1, (k+g+p+1)o) oflengths3qg+p+1,3q+p,...,3¢—p+1. O



MICHAEL KUBESA 145

Lemma3.1.9.Lemma 3.9 A2k—m—1,2k+1,m+2,2) -caterpillar of order 4k +2
and diameter 5 allows a blendegd-labeling for everym , 1 < m < 2k —4,if k is
odd.

Proof. Proof By constructions. LeR be a (2k —m —1,2k+ 1, m + 2, 2) -caterpillar
with 4k + 2 vertices and lett = 2¢ + 1.

Case 1. Let m beodd,1 < m < k-2 andm = 2p + 1. Furthermore, let
A=01,a=0q,b= (k‘-i—l)l,B = (2]{)1,

Then R contains
(i) pure 00 -edges(0q, ko), (00, (k + 2)o), ---, (00, (2k)o) of lengthsk, k —1,...,1,

(i) pure 11 -edges(01, (k+3)1), (01, (k+4)1), ..., (01, (k+g—p+1)1) of lengths
k—2,k—3,...,q+p+1 and (01, (k+q+p+2)1), (01, (k+g+p+3)1),..., (01, (2k —
1)1) oflengthsq—p,q—p—1,....,2,and (k+ 1)1, (k+qg—p+2)1), (k+ 1)1, (k+
q—p+3)1),...,(k+1)1,(k+g+p+1)1) oflengthsg—p+1,g—p+2,....,q+p,
and finally ((k + 1)1, (k+2)1), ((k+ 1)1, (2k)1), ((2k)1, k1) oflengths1,k—1,k,
and

(iii) mixed edges (09, 01), (09, 11),..., (00, (k — 1)1), (00, (k + 1);) of lengths
0317"'7k717k+1 and (01310)3(01320)3"'3(013(kil)O)a(Ola(k+1)l) of |engthS
2k, 2k — 1, k+2,k.

Case 2.Let m be odd, k& <
A:017a2007b:(k+1)1’

Then R contains

m < 2k —5, m — (k—2) = 2p. Furthermore, let
B = (2k); .
(iv) pure 00 -edges (0o, (¢ — p+ 1)o), (0o, (g — P+ 2)0), ---, (00, (¢ +p)o) Of lengths
q—p+1,q—p+2,...,q+p and (0o, ko), (0o, (k+2)o), .., (00, k+q—p+1), of lengths

k,k—1,....,g+p+1,and(0p, (k+q+p+2)o), (00, (k+q+p+3)o), ..., (00, (2k)o)
oflengthsq —p,q —p—1,...,1,

(v) pure 11 -edges((k + 1)1, (k +2)1), ((k+ 1)1, (k+3)1), ..., (K + 1)1, (2k)1) of
lengths1,2, ...,k — 1 and ((2k)1, k1) of length k&, and

(vi) mixed edges (09,01), (09, 11), ..., (00, (K — 1)1), (00, (kK + 1);) of lengths
0,1,...k— 1,k +1 and (017 10)7 (01,20)7..., (017 (q — p)o) of IengthS 2k, 2k —
1,...,3¢+p+3,and (01, (¢+p+1)o), (01, (g+p+2)o), ---, (01, (k—1)o), (01, (k+1)o)
of lengths 3¢ — p+ 2,3¢g —p+ 1,...k + 2)k, and ((k + 1)1,(k + ¢ — p +
2)o), (k + 1)1, (k + ¢ = p + 3)o), .. (k + 1)1, (k + ¢ + p + 1)o) of lengths
3¢+p+2,3¢+p+1,.,3¢—p+3.

Case 3. Let m beeven,2 < m < k—1 and m — 2 = 2p. Furthermore, let
A:(k‘—l)l,a:Oo,b:Ol,B:(2]6—1)1.

Then R contains
(vii) pure 00 -edges(0o, 19), (00, 20), -.., (0o, ko) of lengths1,2,....k,

(viii) pure 11 -edges(0y, (k+1)1), (01, (2k)1), (01, (2k—1);) of lengthsk, 1,2 and
(01, (k+q—p+1)1), (01, (k+g—p+2)1), ..., (01, (k+q+p)1) oflengthsg+p+1,q+
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b, aq_p+2 ’ and ((k_]-)lv (k+2)1)7 ((k_l)la (k+3)1)7 ceey ((k_]-)lv (k+q_p)1)
of lengths3,4,....d—p+1,and (k- 1)1,(k+q+p+ 1), ((k—1)1,(k+q+
p+2)1),...,((k—1)1,(2k — 2);) oflengthsg+p+2,g+p+3,...k—1,and

(ix) mixed edges((2k—1)1, (2k)o) oflength 2k and (0g,01), (09, 11), ..., (0o, k1) Of
lengths0,1, ...,k ,and ((k—1)1, (k4+1)o), (k—=1)1, (k+2)0), ..., (k—1)1, (2k—1)1)
of lengths2k — 1,2k — 2,...,k+ 1.

Case4let m beevenk —1<m<2k—4, m— (k—1)=2p. Furthermore, let
A:(k*l)l,a:OO,b:OhB:(2]{171)1.

Then R contains

(x) pure 00 -edges (0o, 1o), (00,20) and (0g, ko) of lengths 1,2 and k, further
(00, 30), (00,40), ceny (00, (q—p+ 1)0) of Iength53,4, ...,q—p—|—1 s and (007 (q+p+
2)0), (00, (g +p+3)o), -, (00, (k —1)g) oflengthsg+p+2,q+p+3,....k— 1,
and (0g, (k+q—p+ 1)o0), (00, (k + ¢ —p + 2)0), .-, (00, (k + ¢ + p)o) Of lengths
q+p+1,9+p,....q—p+2,

(xi) pure 11 -edges (01, (k + 1)1), (01, (k + 2)1), ..., (01, (2k)1) of lengths k, k —
1,...,1,and

(xii) mixed edges((k—1)1, (k+1)o), ((k—1)1, (2k—1)o) and ((2k—1)1, (2k)o) of
lengths2k —1,k+1 and 2k, and (01, (¢ —p+2)o), (01, (¢ —p+3)0), ..., (01, (¢ +
p+1)o) oflengths3g+p+1,3¢+p,....,3¢—p+2,and ((k—1)1, (k+2)o), ((k—
D1, (k+3)0)y ..., (k= 1)1, (k+q—p)o) oflengths2k — 2,2k —3,...,3¢+p+2,
and ((k—1)1,(k+qg+p+1)),(k—1)1,(k+qg+p+2)0), ..., (k—1)1, (2k —2)9)
of lengths3¢ —p+1,3¢ — p, ...,k + 2, and finally (09, 01), (0o, 11), ..., (0o, k1) Of
lengthsO0,1,....k . O

By now we have proved in fact Theorem 2.1, as we have covered all cases. We state
the proof formally below.

Proof of Theorem 2.1

(1) A (2,2k + 1,7, s) -caterpillar of orderdk 4+ 2 and diameter 5 allows a blended
labeling and therefore it factorize& 4> forevery2 < r,s <2k —1 and k > 3.
It follows from Lemmas 3.5, 3.6 and 3.7.

(2) A (r,2k + 1,2, s) -caterpillar of orderdk + 2 and diameter 5 allows a blended
labeling and therefore it factorize& ;o forevery2 < r,s <2k —1 andk > 3.
It follows from Lemmas 3.3 and 3.4.

(3) A (r,2k + 1, s,2) -caterpillar of orderdk 4+ 2 and diameter 5 allows a blended
labeling and therefore it factorize&y; o forevery2 < r,s <2k —1 andk > 3.
It follows from Lemmas 3.8 and 3.9. O
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