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Abstract

In accordance with the k-domination and the k-independence introduced by Fink and
Jacobson in 1985, Jacobson, Peters and Rall defined in 1990 the concept of k -irredundance.
We propose here a slightly different definition avoiding some inconveniences and keeping the
main properties of the former one.
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1. Introduction

For notation and graph theory terminology, especially for domination problems, we in general
follow [12]. In a graph G = (V(G), E(G)) of order n(G), the neighborhood of a vertex v €
V(G) is Ng(v) = {u € V(G) | wwv € E(G)}. If S is a subset of vertices, its neighborhood is
Ng(S) = UyesNg(v). The closed neighbohoods of v and S are Ng[v] = Ng(v) U {v} and
N¢g[S] = Ng(S)U S. The degree of a vertex v of G, denoted by dg(v), is the order of its
neighborhood. The maximum degree of G is A(G) = max{dg(v);v € V(G)}. The maximum
degree of the subgraph induced in G by S C V(G) is denoted A(S). When no confusion can arrise
we usually write V', E', n, d(v), N(v), ... for V(G), E(G), n(G), da(v), Ng(v), ... Given a
positive integer k£ and a subset S C V', the k-neighborhood of S is the set N (S) of the vertices
of G adjacent to at least k vertices of S and its closed k-neighborhood is Ni[S] = Np(S)US.
For any parameter p associated to a graph property P , we refer to a set of vertices with Property
P and cardinality u(G) as a p(G)-set or p-set. An independent set S is a set of vertices
of G inducing a subgraph with no edge. Equivalently, A(S) = 0. A dominating set S is a
set of vertices such that every vertex in V \ S has at least one neighbor in S. Equivalently,
N[S] =V . In [10, 11] Fink and Jacobson defined a generalization of the concepts of independence
and domination. For an integer k > 1, a set S of V is k-independent if A(S) < k and k-
dominating if every vertex in V' \ S has at least k neighbors in S. Clearly every subset of a
k -independent set is k-independent and every superset of a k-dominating set is k-dominating.
Therefore the maximality of a k-independent set and the minimality of a k-dominating set can
be defined by addition or deletion of a single vertex. A k-independent set S is maximal in G if
for every x € V\ S, SU{z} is not k-independent and a k-dominating set S of G is minimal
if for every x € S, S\ {z} is not k-dominating. The lower k -independence number ix(G) is
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the minimum cardinality of a maximal k-independent set in G and the k-independence number
Br(G) is the maximum cardinality of a k-independent set. Similarly, the k -dominating number
Y, (G) is the minimum cardinality of a k-dominating set of G and the k -upper dominating number
T'x(G) is the maximum cardinality of a minimal k-dominating set of G . Clearly ix(G) < Bk (G)
and v,(G) < T'x(G). We also notice that the 1-independent sets and the 1-dominating sets are
respectively the classical independent sets and dominating sets, so i1(G) =i(G), B1(G) = B(G),
7 (G) =v(G) and T1(G) =T(G).

For k =1, it is well known that an independent set is maximal if and only if it is also dominating
and that a maximal independent set is a minimal dominating set, thus implying v(G) < i(G) <
B(G) <T'(Q) for every graph G . This property cannot be completely generalized because for k >
2, a maximal k-independent set is not necessarily k-dominating. However there always exist sets
which are both k-independent and % -dominating [8], and these sets are maximal k-independent
and minimal k-dominating [9]. Hence we still have v, (G) < Bx(G) and i, (G) < Tk (G) for every
k. But v, may be larger than i and I'y may be smaller than J; . Finally, since every k-
independent set is (k + 1) -independent and every (k+ 1)-dominating set of G is k-dominating,
the sequences () and () are weakly increasing. Hence

B(G) = B1(G) < F2(G) < B3(G) < -+ < Ba(G) < Bay1(G) =n,
Y(G) =7(G) < 12(G) <13(G) < <ya(G) <7a+1(G) =n.

As often, the behavior of the minmax or maxmin parameters is less regular and the sequences
(ix) and (T';) are not necessarily monotone. More details and results on k-domination and
k -independence can be found in [1, 2, 3, 4, 6, 8, 9, 10, 11, 12, 14].

The concept of irredundance was introduced by Cockayne, Hedetniemi and Miller in 1978 [7] to

extend to not necessarily dominating sets the property which makes a dominating set S minimal.
Different equivalent formulations can be given for this property.

ePy: Vxel, either x oravertex ' of V'\'S which is dominated by S is not dominated
by S\ {z}.

ePi: VxS, either x or aneighbor 2’ of z in V'\ S is not dominated by S\ {z}.

eP/: VxeS, NSI\N[S\{z}]#0.

A subset S of vertices is #rredundant if it satisfies any of the equivalent properties Py, P;
or Py{. Any subset of an irredundant set is irredundant and an irredundant set S is maximal
if for every z € V\'S, SU{z} is not irredundant. The minimum and maximum cardinalities
of a maximal irredundant set are respectively ir(G) and IR (G). It is also well-known that a

dominating set is minimal if and only if it is irredundant and that a minimal dominating set is
maximal irredundant, which leads to the complete inequality chain for every graph G

ir(G) <4(G) <i(G) < B(G) < T(G) < IR(G). (1)

Properties P;, P;, Pi related to a subset S of V' can be generalized to the case k > 2 as
follows

o Py : Vo € S, either = or a vertex 2’ of V' \ S which is k-dominated by S is not
k-dominated by S\ {z}.

eP,: VxelS,either x or aneighbor 2’ of  in V'\ S is not k-dominated by S\ {z}.
Pl VreS, NilS]\ NilS\ {z}] £0.
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Properties Pr and P”j are equivalent and mean that Vo € S, either x has fewer than k
neighbors in S or x has a neighbor 2’ in V'\ S adjacent to exactly k vertices of S. Property
P’k , which means that Va € S, either = has fewer than k neighbors in S or z has a neighbor
2’ in V'\ S adjacent to at most k vertices of S, is weaker than P; when k > 1. But restricted
to k-dominating sets S, the three properties are equivalent since z’ has at least k neighbors in
S'. Hence a k-dominating set is minimal if and only if it satisfies any of them.

In 1990, Jacobson, Peters and Rall [13] extended the concept of irredundance to k -irredundance
and defined a k-irredundant set as a subset S C V satisfying Property Py, or equivalently
Property P”y. A k-irredundant set S is mazimal if no superset of S is k-irredundant, and the
minimum and maximum cardinalities of a maximal k -irredundant set of G are denoted by ir 1 (G)
and IR ;(G) . Jacobson et al. established nice properties on these new parameters, in particular
they proved that for every k and every graph G,

Bi(G) < IRk(G) and irg(G) < 1 (G) < Tk(G) < IRk (G). (2)

However this definition presents two inconveniences pointed out in [13] with interesting examples.
First, a subset of a k -irredundant set is not necessarily k -irredundant and consequently a single
vertex extension is not sufficient for determining maximality of k -irredundant sets. Second, a
k -irredundant set is not necessarily (k + 1)-irredundant and consequently the sequence of the
max parameter IR ;(G) is not necessarily monotone.

Our purpose is to propose another definition of the k -irredundance keeping the properties (2)
satisfied by the first definition but avoiding the two mentioned inconveniences.

2. Another definition of the k-irredundance

To avoid confusion we use throughout the paper an accentuation “prime” to denote all what
concerns the new definition.

Definition 1. A subset S of vertices of a graph G is k-irredundant’ if it satisfies Pj. , in other
terms if Yo € S, either x has fewer than k neighbors in S or x has a neighbor =’ in V \ S
adjacent to at most k wvertices of S .

First we observe that the property for a subset of vertices to be k-irredundant’ is hereditary.

Proposition 2. FEvery subset of a k -irredundant’ set S is k -irredundant’.

Proof. Tt is sufficient to prove that Vy € S, S\ {y} is k-irredundant’. Let =z € S\ {y}. If =
has at least k neighbors in S\ {y}, it has at least k neighbors in S and by P; applied to S,
x has a neighbor 2/ in V' \ S adjacent to at most k vertices of S. Therefore z’ has at most k
neighbors in S\ {y} and S\ {y} satisfies P}, . O

From Proposition 2 we can define a maximal k-irredundant’ set of G as a k-irredundant’ set S
such that Vz € V\ S, SU{x} isnot k-irredundant’. Let ir}(G) and IR (G) be respectively the
minimum and maximum cardinality of a maximal k -irredundant’ set of G. For k=1, Pj is the
same as P; and a (maximal) 1-irredundant’ set is a usual (maximal) irredundant set. Therefore
ir{(G) =ir(G) and IR} (G) = IR(G) .

The second property of the k-irredundance’ is a direct consequence of the definition of Pj, .

Proposition 3. Fvery k -irredundant’ set of G is (k + 1) -irredundant’. |
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Proposition 3 implies that as the sequences (0;(G)) and (7x(G)), the sequence (IR’ ;(G) ) is
weakly increasing in every graph. Since V isa (A+1)-irredundant’ set but not a A -irredundant’
set, we have

IR(G) = IR} (G) < IR)(G) < IR,(G) < -+ < TRL(G) < TRh 4(G) =n .

Therefore the two inconveniences of the first definition of the k -irredundance mentioned in
Section 1 do not exist for the second definition. We now check that the inequalities (2) still hold
with ir, and IR .

Proposition 4. Every k -independent set is k -irredundant’ and thus Bix(G) < IR, (G) for every
graph and every value of k. Moreover Ba(G) = IRL(G) .

Proof. That every k-independent set is k -irredundant’ is clear from the definition of Pj, . Let now
S be any A -irredundant’ set of G . If S contains a vertex = with more than A —1 neighbors in
S, then x has a neighbor 2’ in V'\ S adjacent to at most A vertices in S. This means that z
has degree more than A, a contradiction. Hence every vertex of S has degree at most A — 1 in
S and S is A -independent. Therefore IR’y (G) < Ba(G), thus implying Oa(G) =IRL(G). O

Proposition 5. A k-dominating set of G is minimal if and only if it is k -irredundant’ and a
k -dominating k -irredundant’ set is a maximal k -irredundant’ set of G .

Proof. We saw in Section 1 that a k-dominating set is minimal if and only if it satisfies Py,
that is if and only if it is k-irredundant’. Let S be a k-dominating k -irredundant’ set and let
x € V\S. Since S is k-dominating, = has at least k neighbors in S’ = S U {z} and every
neighbor 2’ of z in V' \ S’ has at least k neighbors in S and thus more than k neighbors in
S’ . Therefore S’ is not k-irredundant’ and S is a maximal k-irredundant’ set of G . O

Corollary 6. Every graph G satisfies ir},(G) < v (G) < Tx(G) < IRL(G) for every k> 1.

Proof. The inequality chain is an obvious consequence of Proposition 5 since every ~(G)-set or
I'x(G) -set is a maximal k -irredundant’ set. O

However ir 7 (G) can be larger or smaller than i;(G). For instance, the graph H constructed
from k > 3 disjoint cliques A; of order k by choosing one vertex x; in each clique A; and adding
the k(k—1)/2 edges joining the k vertices x; satisfies iy(H) =k andir{(H) =k*—k > i,(H).
The graph J, constructed from a clique of vertex set {z1,x2,z3,24} and six independant sets
A;j, 1<i<j<4,oforder p>3 by adding for every pair {i,;j} all the edges joining x; and
x; to every vertex of A;; satisfies ia(J2) = p+ 2 and ir5(Jo) = 4 < iz(Jz). For any k this
construction can be generalized to a graph Jj satisfying ix(J) > ir},(Jx) -

We give now some properties of IR’. Proposition 7 improves the inequality v(G) + IR(G) < n
valid in every graph without isolated vertex [5].

Proposition 7. Every graph G with order n and minimum degree 6 > 1 satisfies v(G) +
IR5(G) <n.

Proof. Let S be any IR 5(G) -set. Every vertex x € S has at least one neighbor in V'\ S, by the
definition of § if x has less than § neighbors in S, and by the definition of the ¢ -irredundance’
otherwise. Hence V' \ S is a dominating set of G and v(G) < n — |S| =n — IR5(G) . O
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Since v(G) > n/(A + 1) holds in every graph, Proposition 7 admits the following

Corollary 8. Every graph with order n , minimum degree § > 1 and mazimum degree A satisfies
IR5(G) <nA/(A+1). O

The bounds in Proposition 7 and Corollary 8 are sharp. For instance in a prism K,UK>,
n=2p, § =A=p, y=2 and since the IR § -sets are the prisms K, 10K, ,IR§ =2p—2 =n—y.
In aclique K,,,IR],_; =n—-1=n—v=nA/(A+1). Inacycle Csp, IR{ =4dp=n—v =
nA/(A+1).

The last proposition relates the new k -irredundance’ parameter to the former one.

Proposition 9. IR} (G) > max{IR;(G) | 1 < j <k} for every graph G and every value of k .

Proof. Every IR i(G)-set S satisfies P, by definition and thus also P;. Hence S is k-
irredundant’ and IR ;(G) < IR (G) . Therefore IR ;(G) < IR}(G) for all 1 < j <k and since the

sequence (IR} ) is weakly increasing, IR’(G) < IR} (G). Whence TR (G) > max{IR;(G) | 1 <
j<ki O

It was proved in Corollary 3.7 of [13] that in a graph of minimum degree § > 1, ~(G) <
min{n — IR, (G) | k =1,2,---,d}. This result is a direct consequence of Propositions 7 and 9.
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